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In Memoriam

Dedicated to the memory of Ondrej Sykora.



Preface

The 13th International Symposium on Graph Drawing (GD 2005) was held in
Limerick, Ireland, September 12-14, 2005. One hundred and fifteen participants
from 19 countries attended GD 2005.

In response to the call for papers the Program Committee received 101 submis-
sions, each detailing original research or a system demonstration. Each submission
was reviewed by at least three Program Committee members; each referee’s com-
ments were returned to the authors. Following extensive discussions, the commit-
tee accepted 38 long papers, 3 short papers and 3 long system demos, each of which
were presented during one of the conference’s 12 sessions. Eight posters were also
accepted and were on display throughout the conference.

Two invited speakers, Kurt Mehlhorn and George Robertson, gave fascinating
talks during the conference. Prof. Mehlhorn spoke on the use of minimum cycle
bases for reconstructing surfaces, while Dr. Robertson gave a perspective, past
and present, on the visualization of hierarchies.

As is now traditional, a graph drawing contest was held during the conference.
The accompanying report, written by Stephen Kobourov, details this year’s con-
test. This year a day-long workshop, organized by Seok-Hee Hong and Dorothea
Wagner, was held in conjunction with the conference. A report on the “Workshop
on Network Analysis and Visualization,” written by Seok-Hee Hong, is included
in the proceedings.

We are indebted to many people for the success of the conference. The Pro-
gram Committee and external referees worked diligently to select only the best
of the submitted papers. The Organizing Committee under the co-chairmanship
of Nikola Nikolov worked tirelessly in the months leading up to the conference.
In particular, a big debt is owed to Aaron Quigley for his Herculean fund-raising
efforts, to Alex Tarassov for his system maintenance, to Karol Lynch for his
web page development, and to Gemma Swift and Nuala Kitson for their ad-
ministrative support and constant good humor. Thanks are also due to Vincent
Cunnane, who opened the conference. Last, but not least, we thank Peter Eades,
who provided valuable direction and kept a steady head throughout.

The conference received assistance from Science Foundation Ireland (Benefac-
tor); Intel Corp., Microsoft Corp. and Tom Sawyer Software (Gold Sponsors);
National ICT Australia, Enterprise Ireland, Féilte Ireland, ILOG Inc., AbsInt
Angewandte Informatik GmbH (Silver Sponsors); Lucent Technologies, Jameson
Irish Whiskey and Dell Inc.

The 14th International Symposium on Graph Drawing (GD 2006) will be held
September 18-20, 2006 in Karlsruhe, Germany, co-chaired by Michael Kaufmann
and Dorothea Wagner.

October 2005 Patrick Healy
Nikola S. Nikolov
Limerick
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Crossings and Permutations*

Therese Biedl!, Franz J. Brandenburg?, and Xiaotie Deng?®

1 School of Computer Science, University of Waterloo, ON N2L3G1, Canada
biedl@uwaterloo.ca
2 Lehrstuhl fiir Informatik, Universitéit Passau, 94030 Passau, Germany
brandenb@informatik.uni-passau.de
3 Department of Computer Science, City University of Hong Kong,
83 Tat Chee Avenue, Kowloon Tong, Hong Kong, SAR, China
csdeng@cityu.edu.hk

Abstract. We investigate crossing minimization problems for a set of
permutations, where a crossing expresses a disarrangement between ele-
ments. The goal is a common permutation 7* which minimizes the num-
ber of crossings. This is known as the Kemeny optimal aggregation prob-
lem minimizing the Kendall-7 distance. Recent interest into this problem
comes from application to meta-search and spam reduction on the Web.

This rank aggregation problem can be phrased as a one-sided two-
layer crossing minimization problem for an edge coloured bipartite graph,
where crossings are counted only for monochromatic edges.

Here we introduce the max version of the crossing minimization prob-
lem, which attempts to minimize the discrimination against any permuta-
tion. We show the NP-hardness of the common and the max version for & >
4 permutations (and k even), and establish a 2-2/k and a 2-approximation,
respectively. For two permutations crossing minimization is solved by in-
specting the drawings, whereas it remains open for three permutations.

1 Introduction

One-sided crossing minimization is a major component in the Sugiyama algo-
rithm. The one-sided crossing minimization problem has gained much interest
and is one of the most intensively studied problems in graph drawing [815]. For
general graphs the crossing minimization problem is known to be NP-hard [I3].
The NP-hardness also holds for bipartite graphs where the upper layer is fixed,
and the graphs are dense with about nins/3 crossings [10], or alternatively, the
graphs are sparse with degree at least four on the free layer [I7]. The special
case with degree 2 vertices on the free layer is solvable in linear time, whereas
the degree 3 case is open.

The rank aggregation problem finds a consensus ranking on a set of alterna-
tives, based on preferences of individual voters. The roots for a mathematical

* The work of the first author was supported by NSERC, and done while the author
was visiting Universitdt Passau. The work of the second and third authors was
partially supported by a grant from the German Academic Exchange Service (Project
D/0506978) and from the Research Grant Council of the Hong Kong Joint Research
Scheme (Project No. GLHK008/04).

P. Healy and N.S. Nikolov (Eds.): GD 2005, LNCS 3843, pp. 1-{I2] 2005.
© Springer-Verlag Berlin Heidelberg 2005



2 T. Biedl, F.J. Brandenburg, and X. Deng

investigation of the problem lie in voting theory and go back to Borda (1781) and
Condorcet (1785). Rank aggregations occur in many contexts, including sport,
voting, business, and most recently, the Internet. ”Who is the winner?” In gym-
nastics, figure skating or dancing this is decided by averaging or ranking the
points of the judges. In Formula 1 racing and similarly at the annual European
Song Contest the winner is who has the most points. Is this scheme fair? Why
not deciding the winner by the majority of first places?

Also, the organizers of GD2005 are confronted with our crossing minimization
problem. They have to make many decisions. For example, which beer (wine,
food) shall be served at the GD conference dinner? What is the best choice for
the individual taste of the participants? Or, more specific: which beer is the best?

In their seminal paper from the WWW10 conference, Dwork et al. [9] have
used rank aggregation methods for web searching and spam reduction. A search
engine is called good if it behaves close to the aggregate ranking of several
search engines. Besides experimental results they have investigated the theo-
retical foundations of the rank aggregation problem. One of the main results is
the NP-hardness of computing a so-called Kemeny optimal permutation of just
four permutations, here called PCM-4. However, the given proof has some flaws,
and is repaired here. In addition, we show a relationship to the feedback arc
set problem and establish a 2-2/k approximation, which is achieved by the best
input permutation.

The common rank aggregation methods take the sum of all disagreements over
all permutations. Here we introduce the mazimum version, PCM .-k, which
expresses a fair aggregation and attempts to avoid a too severe discrimination
of any participant or permutation. With the optimal solution, nobody should
be totally unhappy. We show the NP-hardness of PCM,.-k for all & > 4 and
establish a 2-approximation, which is achieved by any input permutation. This
parallels similar results for the Kemeny aggregation problem [IL[9] and for the
Coherence aggregation problem [5]. The case PCMpyax-2 with two permutations
is efficiently solvable, whereas the case k = 3 remains open.

Besides the specific results, this work aims to bridge the gap between the
combinatorics of rank aggregations and crossing minimizations in graph drawing,
with a mutual exchange of notions, insights, and results.

In Section 2 we introduce the basic notions from graph drawing and rank
aggregations, and show how to draw rank aggregations. In Section 3 we state the
NP-hardness of the crossing minimization problems for just four permutations,
and prove the approximation results, and in Section 4 we investigate the special
cases with two and three permutations.

2 Preliminaries

Given a set of alternatives U, a ranking m with respect to U is an ordering of
a subset S of U such that m# = (z1,®9,...,z,) with &; > z;41, if x; is ranked
higher than ;1 for some total order > on U.



Crossings and Permutations 3

For convenience, we assign unique integers to the items of U and let U =
{1,...,n}. We call 7 a (full) permutation, if S = U, and a partial permutation,
if S C U. A permutation is represented by an ordered list of items, where the
rank of an item is given by its position in the ordered list, with the highest, most
significant, or best item in first place.

The rank aggregation or the crossings of permutations problem is to combine
several rankings 71, ..., 7, on U, in order to obtain a common ranking 7*, which
can be regarded as the compromise between the rankings. The goal is the best
possible common ranking, where the notion of ‘better’ depends on the objective.
It is formally expressed as a cost measure or a penalty between the m; and 7*;
the common version takes the sum of the penalties, the max version is introduced
here. Several of these criteria have a correspondence in graph drawing.

A prominent and frequently studied criterion is the Kendall-r distance [35}9]
16]. The Kendall-T distance of two permutations over U = {1,...,n} measures
the number of pairwise disagreements or inversions, K (m,7) = [{(u,v)|m(u) <
m(v)and 7(u) > 7(v)}|. This value is invariant under renaming, or the application
of a permutation ¢ on both m and 7, and such that 7 becomes the identity.
For a set of permutations P = {m,..., 7} this generalizes by collecting all
disagreements, K (P, 7*) = Zle K (m;,7*).

The value K (P, 7*) can be expressed in various ways. For every pair of distinct
items (u, v), the agreement Ap(u,v) is the number of permutations from P which
rank u higher than v, and the disagreement is Dp(u,v) = k — Ap(u,v). Clearly,
the agreement on (u,v) equals the disagreement on the reverse ordering (v, u).
For every (unordered) pair of items, let A(u,v) = |k — 2Ap(u,v)| express the
difference between the agreement and the disagreement of u and v.

There is an established lower bound for the number of unavoidable crossings
for the permutations of P, which is the sum over the least of the agreements and
disagreements,

LB(P) =Y _min{Ap(u,v), Dp(u,v)}.

u<v

Then the disagreement against a common permutation 7* is

K(P,m*) = LB(P) + > Alu, v).

m* (u)<7*(v) and Dp (u,v)>Ap(u,v)

Thus A(u,v) is added as a penalty if 7* disagrees with the majority of the
permutations. If there is a tie for the ranking of 4 and v in P, then just the term
from the lower bound is taken into account.

Recall that for the crossing minimization problem of two layered graphs the
agreement and disagreement of two free vertices u and v is the crossing number
of the edges incident with u and v and placing u left of v, or vice versa. The so
obtained lower bound is often ‘good’ and close to the optimum value [I4].

Another popular measure for the distance between permutations is the Spear-
man footrule distance, which accumulates the linear arrangement or the length
between two permutations over {1,...,n} by f(m,7) =3, |7(i) — 7(i)|. Again
this extends to a set P of permutations by summation f(P,7*) = Z§:1 f i, 7).
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These measures can be scaled by individual weights, and they can be ex-
tended to partial permutations 71, ..., 7, where each permutation operates on
its subset of the universe, see [9].

Given a set of (full or partial) permutations P = {m,..., 7} on a universe
U = {1,...,n}, the crossing number of P is the number of crossings against
the best permutation 7* with respect to the Kendall-r-distance, i.e., CR(P) =
min,« K(P,7*). The crossing minimization problem is finding such a permuta-
tion 7*. We will refer to the crossing minimization problem of k£ permutations
as the PCM-k problem.

A new cost measure is the maz crossing number, which attempts to minimize
the number of crossings for any permutation. For a set of k& permutations P
and a target permutation 7* let Ky oq (P, 7*) = max{K (m;,7*)|m; € P} and
define the max crossing number of P by CRyaz(P) = mings Kpae (P, 7*). The
permutation 7* giving the value CR,,q.(P) is a solution to the max crossing
minimization problem. This problem is referred to as the PCMy,.x-k problem.
One could similarly consider a maximum version for the Spearman footrule dis-
tance; we have not investigated the latter further.

The following fact is readily seen.

Lemma 1. For a set of k permutations P = {my,..., 7},
CRuaz(P) < CR(P) < k-CRuax(P).

The crossing number represents an aggregation, which is the best compromise
for the given lists of preferences and minimizes the number of disagreements.
The minimal number of crossings does not necessarily distribute them uniformly
among the given permutations; one can construct examples where C'R,y,q.(P) >
[CR(P)/2] and not CRpex(P) = [CR(P)/k] as one would hope. The latter
equation holds for & = 2. The objective behind the max crossing number is
an aggregation, which is fair and treats every permutation equally well and
minimizes the discrimination of each participant. Clearly, both objectives can
be combined to the best possible permutation 7* which minimizes the sum of
crossings and then balances their distribution.

2.1 Drawing Permutations

We now translate rank aggregations to graph drawing. Two permutations 7 and
7 on a universe U = {1,...,n} are drawn as a two-layer bipartite graph with the
vertices 1,...,n on each layer in the order given by m and 7 and a straight-line
edge between the two occurrences of each item v on the two layers.

A set of k permutations 71, ..., 7, and a common permutation 7* are repre-
sented by a sequence of pairs of permutations, where the lower layer is fixed in all
drawings. For convenience, we let the lower layer be the identity with 7*(i) = 1.
We can merge the permutations into the coloured permutation graph G, which
is a bipartite graph with k edge colours, such that there are vertices 1,...,n on
each layer. There is an edge in the i-th colour between u on the upper layer and
j on the lower layer if and only if m;(u) = j. See also Fig. [l
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Fig. 1. Coloured permutation graph for m1 = (6,3,1,4,2,5) (green and solid), m2 =
(3,5,2,6,1,4) (blue and dashed), and 73 = (4, 1,5, 3,6,2) (red and dotted)

Obviously, for two full or partial permutations 7 and 7, the Kendall-7 dis-
tance K (m, 7*) is the number of edge crossings in a straight-line drawing of their
bipartite graph. It ranges between 0 and n(n — 1)/2 and can be efficiently com-
puted either by accumulating for every ¢ the number of items, which are greater
than ¢ and occur to the left of 7 in 7, provided 7* is the identity, or by techniques
from counting crossings in two-layer graphs in [21].

Lemma 2. The Kendall-r distance K(m,7*) of two permutations over U =
{1,...,n} can be computed in O(nlogn) time.

2.2 Penalty Graphs

There is a direct relationship between the crossing minimization problem and the
feedback arc set problem, which has been established at several places. Recall that
the feedback arc set problem is finding the least number of arcs F' in a directed
graph G = (V| E), such that every directed cycle contains at least one arc from
F, ie., the graph G’ = (V,E — F) is acyclic. In the more general weighted
case, the objective is a set of arcs with least weight. In the two-layer crossing
minimization problem, the penalty graph has arcs with weights corresponding to
the difference between the number of crossings among the edges incident with
two vertices u and v, if u is placed left of v, or vice versa.

In their seminal paper, Sugiyama et al. [20] have introduced the penalty di-
graph for the two-layer crossing minimization problem, and in [2] it is used for
voting tournaments. Demetrescu and Finocchi [6] have used this approach for
the two-sided crossing minimization problem and have tested several heuristics.
Recently, Ailon et al. [I] have established improved randomized approximations
for aggregation and feedback arc set problems.

For the crossing minimization problem for permutations, the penalty graph
can be applied in the same spirit, but we use the difference in the majority counts
A(u,v) as edge weights. Thus, for a set of permutations P over {1,...,n} the
penalty digraph of P is a weighted directed graph H = (V, A, w) with a vertex for
each item u and an arc (u,v) with weight A(u,v) if and only if a strict majority
of permutations rank u higher than v, i.e., if (u —v) - (Dp(u,v) — Ap(u,v)) <
0. Let w(FAS(P)) denote the weight of the optimum feedback arc set in the
penalty digraph.
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First, we establish the connection between the crossing number and the feed-
back arc set of the penalty graph. For the two-layer crossing minimization
problem it was first observed by Sugiyama [20], and used in various places,
[1L/6L[I0L17). As a consequence, the crossing minimization problem can be re-
duced to a feedback arc set problem.

Theorem 1. Let P = {my,..., 7} be a set of permutations. Then the crossing
number of P equals the lower bound plus the weight of the feedback arc set

CR(P) = LB(P) + w(FAS(P)).

Proof. For any permutation 7 there are L B(P) unavoidable inversions or cross-
ings and K(P,m) = LB(P) + 3. (u)<n(v) and Dp (u,0)> Ap (u,0) A8, v). Now, the
deletion of all arcs (u,v) with u < v and w(u) > m(v) from the penalty digraph
of P leaves an acyclic digraph, since there are no cycles in a single permutation
m. If 7 is such that K (P, ) is minimal, then the set of arcs removed from the
penalty graph is a feedback arc set.

Conversely, consider the penalty graph of P and remove any set of arcs F' to
make the remainder acyclic. Consider any permutation 7w which is in conformity
with a topological ordering. Then K(P,7) < LB(P) +>_;cp A(f), and if F is
such that its weight is w(FAS(P)), then 7 is such that K (P, ) is minimal.

3 Complexity of Optimal Permutations

In this section we study the complexity of finding an optimal permutation for
the common and the max crossing numbers. There are strong similarities to the
one-sided crossing minimization problem, which go through to the number of
permutations and the degrees of the free vertices.

Crossing minimization in graphs is NP-hard. This holds true for general
graphs [I3], and even for two-layer graphs with the upper layer fixed. These
graphs may be dense [10] or sparse with degree k = 4 for the vertices on the free
layer [I7]. The case of degree 3-graphs for the free layer is still open.

Correspondingly, there are NP-hardness results for permutations. For many
partial permutations with just two elements the crossing minimization problem
is in one-to-one correspondence with the feedback arc set problem, where every
two element permutation represents an arc, and thus is NP-hard [I1.12]. By a
different reduction from the feedback arc set problem, Bartholdi et al. [3] have
proved the NP-hardness of Kemeny optimal permutations for many permuta-
tions. In [2] the first NP-hardness proof is credited to Orlin (1981, unpublished
manuscript).

A major strengthening has been claimed by Dwork [9] with a reduction from
the feedback arc set problem to just four permutations. However, the construc-
tion in [9] has some flaws and needs some minor corrections.

Theorem 2. The (common) crossing minimization problem PCM-k is NP-hard
for k full permutations, where k > 4 and k even.
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Proof. (Sketch). We follow the construction in [J9] and reduce from the feedback
arc set problem. We only explain the case k = 4 here; for £ > 6 use the technique
of [@). Let G = (V, E) be a directed graph with |V| = {v1,...,v,} and |E| =m
in which we want to find the smallest feedback arc set. For every vertex v let
out(v) be the sequence of outgoing edges in any order, and let in(v) denote the
sequence of incoming edges. Finally, for a sequence x let " denote its reversal,
reading the elements right-to-left. Now, construct two pairs of permutations from
the vertices and edges of G.

1 = v1, out(v1), v2, out(ve), . .., vy, out(vy,),

T = VUp, out(vy)", . .., va, out(ve)", vy, out(vy)",
w3 = in(v1),v1,n(va), va, . .., in(vy,), vn, and
w4 = 1n(vn)", Un,y .« ., in(v2)", va, in(v1)", V1.

In [9] the incoming edges are listed to the right of their vertices in 73 and 7y,
but then the construction does not work.

Let K’ = 2(3) 4+ 2(’)) 4+ 2m(n — 1). The claim is now that G has a feedback
set of size at most f iff CR(P) < K = K’ +2f. Dwork et al. [9] use a different
value for K. We omit the (straightforward) proof of this claim for space reasons.

For the common crossing minimization problem we sum the number of cross-
ings of monochrome edges. In the max problem we wish to minimize the maxi-
mal number of such crossings, i.e., we wish to treat every arrangement as fair as
possible.

Theorem 3. The mazx crossing minimization problem PCMyax-k is NP-hard
for any k > 4 (full or partial) permutations.

Proof. (Sketch) Consider the permutations 1, ..., 74 from Theorem[2 and con-
struct four new permutations over four copies of pairwise disjoint elements,
namely

01 =T1 T2 T3 T4, 02 =T2T3:T4:T1, O3 =T33 T4 T1T2, 04 =Ty4 N1 T2 T3.

One can show that the permutation that minimizes the maximal number of
crossings to o1,...,04 solves again the feedback arc problem.

3.1 Approximation Algorithms

Since the crossing minimization problems are NP-hard for any (even) k > 4, we
cannot hope to find the best solution in polynomial time, and hence study other
ways to attack the problem. One easy way is to use integer programming; the
problem can be formulated, in a relative straightforward way (we omit details)
as a 0/1 program with O(n* + k) variables and constraints. Another way is to
consider approximation algorithms, which we study next.

There is a close connection between the number of crossings, i.e., the Kendall-
7 distance and the Spearman-footrule distance, as established in [7]. For a pair of
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permutations, every move induces a disarrangement and each crossings implies
that at most two elements must move each by one position. Hence, K (7,7) <
f(m,7) < 2K (m, 1) for full permutations = and 7. The optimal permutation for
the Spearman-footrule distance can be computed by solving a weighted perfect
bipartite matching problem, as explained in [9].

An alternative 2-approximation is obtained by choosing the best among the
given permutations, see [I], and there is a simple 2-approximation for the coher-
ence complexity [5]. We now show that the technique of choosing the best among
the given permutations in fact gives an even better approximation, in particular
for small values of k.

Theorem 4. There is a (2— 2)-approzimation for the (common) crossing min-
imization problem PCM-k.

Proof. Let P = my,...,m; be the input permutations. For a > d and a + d = k,
let E, 4 be those arcs u — v for which Ap(u,v) = a and Dp(u,v) = d, ie.,
u comes before v in a permutations, and after v in d permutations. Denote
Ma,d = |Ea,d|~

Consider the k vertex orderings defined by the k& permutations, and count the
number of arcs that are reversed in them. For a > d, each arc in E, 4 must be
reversed in exactly d of the permutations, hence the total number of reversed
arcs is

L=mpr1+2mp_op+-+jmpj;+.. 0= > dmea (1)
a>d,a+d=Fk

By the pigeon hole principle, therefore in at least one of the permutations (say

in 1), the number of reversed arcs is at most 1/kth of Equation [Il Denote by

74,4 the number of arcs in E, 4 that are reversed in 7, then we therefore have

1 .
Tk—1,1+Tk—22+ " -+Tp_j;j+ < T (Mg—11 +2mg_o2+ -+ jmp—j;; +...)

Each arc in E, 4 has weight a — d in the feedback arc set problem, so the weight
of the feedback arc set solution defined by 7 is

w(FAS)=(k—2)rp—11+ (k—4)rg—22+ -+ (k—25)rp—jj + ...
S (k — 2)7%71,1 + (k - 2)7”]672’2 + -+ (k - 2)7’k7j,j +...
1 ) k—2
< (k- 2)@ (Mg—11 +2mpg_oo+ -+ jmg—j; +...) = TL
Now note that L of Equation[lalso exactly equals the lower bound LB(P), since
we only consider edges in E, 4 with a > d. Therefore, the number of crossings
obtained with 7 is

LB(P) +w(FAS) < L+ %L =(2- %)L <(2- %)OPT,

where OPT is the number of crossings in the optimal solution.

! The series ends for j = [(k — 1)/2], but in order not to clutter the equations, we
will not write this explicitly here.
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We note here that if the target permutation is taken from the given set of
permutations, the (2— %)-approximation is best possible for PCM-k. Namely, let
o1,...,0% be k permutations (over distinct elements) of length N = n/k, and
consider the following k& permutations:

ﬂ'l — O'I . 0'2 . 0'3 ..... Uk
71—2 = 0—1 . O’g . 0'3 aaaaa O'k:
71—3 = 0—1 . 0'2 . O'g aaaaa O'k:
_ '
7Tk: f— 0'1 . 0'2 . 0'3 DI O—k
. N . .
Then 7* = 01 - 09 - - - - - 0} achieves k‘(g) crossings. However, any 7; disagrees

with any 7; on the directions of both ¢; and ¢;, and hence creates 2(k — 1)(1;[)

% =2- % times the optimum.

crossings, which is

Now we turn to approximation algorithms for the max version of the problem.
Here, choosing any of the input permutations yields a 2-approximation, and
again, this cannot be improved.

Theorem 5. There is a 2-approrimation for the max crossing minimization
problem PCMpax-k.

Proof. Let 71, ..., 7 be a given set of permutations. We claim that any of these
permutations is a 2-approximation, and prove this for ;.

Let m* be the optimal permutation for the PCMy,,x-k problem, and let j*
be the index of the permutation where the maximum is achieved in the optimal
solution, i.e.,

K(mj«,m*) > K(m;,m*) for all ¢.

Note that the optimal value OPT equals therefore K(m;«,7*). Now for any
permutation 7;, we have

K(my,m) < K(m, ") + K(n*,m) < K(mj«,7*) + K(n*, 7+ ) = 20PT,

so max; K (m;, m1) < 20PT, and therefore 7; is a 2-approximation for the max
crossing number problem.

Clearly, if the target permutation is taken from the given set of permu-
tations, the 2-approximation is best possible for PCMy,.x-k. To see this use
any permutation 7 and its reversal 7”. Then CR(m,7") = n(n — 1)/2 and
CRpaz(m,7") = [n(n —1)/4].

It remains open whether the approximation bound could be improved by
choosing some other permutations. Note that for the one-sided two-layer crossing
minimization, the best approximation bound long stood at 2 as well [22], but
was recently improved to 1.4664 [19]. Some randomized approximations have
been established in [I].



10 T. Biedl, F.J. Brandenburg, and X. Deng

4 The Small Cases

We now consider PCM-k and PCM, .-k for small values of k. Clearly, for k = 1,
a single user will take his preferences for the optimal arrangement, and then there
are no crossings.

Consider the case k = 2. For bipartite graphs with vertices of degree 2 on the
lower layer the one-sided crossing minimization problem is solvable in linear time
by the barycenter heuristic, and due to the nesting structure of the neighbours
on the upper layer determines the left-right positions in an optimal layout, see
[I7]. The main ingredient here is that the penalty digraph is acyclic.

Similarly, the permutation crossing number can be found easily for two per-
mutations 71 and 7o; 71 itself is optimal with value ¢ = K (1, m2). Many optimal
permutations can be found from a straight-line drawing of m; and 75, see also
Figure @ Consider an arbitrary poly-line from left to right that crosses each
straight line (v,v) for v = 1,...,n exactly once (we call such a line a pseudo-
line.) This yields a permutation 7* by listing the elements in the order in which
they were crossed. Any permutation obtained in such a way is optimal for
PCM-2.

For example, for m = (6,3,1,4,2,5) and m2 = (3,5,2,6,1,4), m and mo
themselves and also (6,3,5,2,1,4) are optimal, see Fig. 2

Fig. 2. Crossings for 2 permutations

Using these “intermediate” permutations, the max crossing problem can be
solved in polynomial time by a sweep-line technique. Since the sum of the num-
ber of crossings c is determined, the max crossing minimization problem is solved
by distributing these crossings uniformly to either side such that C Ry, 4. (71, m2) =
[¢/2]. An optimal permutation—which is best possible both for the sum and for
the maximum—can be computed in O(n + ) log n time by a standard sweep-line
technique, where r is the number of crossings, by searching among all pseudo-lines.

Now we address the case k = 3. Here, the complexity is open, both for permu-
tations and for one-sided two-layered graphs with degree k on the free layer [17].

There is a 3-D drawing of the crossing minimization problem, where the per-
mutations are represented on three piles in parallel to the Z-axis, and for every
item 4 there is a triangle between the three occurrences of . Whether such a
drawing can be used to find the optimal solution (or even a good approxima-
tion), similar as for k = 2, remains open.

For the crossings of permutations problem the case with odd numbers is spe-
cial. For every pair of items uw and v there is a clear winner. There are no ties
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and the penalty graph is a complete tournament, i.e., there is exactly one di-
rected arc (u,v) or (v,u) between each pair of vertices. Then every cycle ¢ has a
subcycle of length three [I8]. There are simple permutations including a cycle,
e.g. (1,2,3),(2,3,1) and (3,2,1). The feedback arc set problem in tournaments
has been discussed at several places, see e.g. [1L4]. It is NP-hard in the weighted
version, and still open in the unweighted case.

5 Conclusion

In this paper, we investigated the problem of rank aggregation, which corre-
sponds to find a permutation that minimizes the number of crossings with a
given set of permutations. We introduced a variant that instead considers the
maximum number of crossings among those permutations. We investigated com-
plexity results and approximation algorithms.

This problem is a one-sided two-layer crossing minimization problem in an
edge-coloured bipartite graph, where only crossings between equally coloured
edges are counted. As such, it is not surprising that the complexity results for
our problem mirror the ones for one-sided two-layer crossing minimization. We
end by mentioning some of the numerous open problems that remain in this field:

1. How do the common techniques from one-sided two-layer crossing minimiza-
tion, such as barycenter and median heuristics, sifting, or ILP approaches
perform for the crossing minimization of permutations?

2. How can the Spearman footrule distance be used for the one-sided two-layer
crossing minimization problem? How does it relate to sorting the barycen-
ters?

3. Investigate the maz versions, e.g., max Spearman footrule distance and the
maximum number of crossings for any edge in the one-sided two-layer cross-
ing minimization problem.

4. Improve the approximations and establish bounds for partial permutations.

5. The case k = 3 remains wide open. Is it NP-hard or polynomial?

Acknowledgments

The authors would like to thank Wolfgang Brunner, Christof Kénig and Marcus
Raitner for inspiring discussions.

References

1. N. Ailon, M. Charikar, and A. Newman. Aggregating inconsistent information:
ranking and clustering. STOC (2005), 684-693.

2. J.P. Barthelemy, A. Guenoche, and O. Hudry. Median linear orders: heuristics and
a branch and bound algorithm. Europ. J. Oper. Res. 42, (1989), 313-325.

3. J. Bartholdi III, C.A. Tovey, and M.A. Trick. Voting schemes for which it can be
difficult to tell who won the election. Soc. Choice Welfare 6, (1989), 157-165.



12

10.

11.

12.

13.

14.

15.

16.
17.

18.
19.

20.

21.

22.

T. Biedl, F.J. Brandenburg, and X. Deng

. I. Charon, A. Guenoche, O. Hudry, and F. Woirgard. New results on the compu-
tation of median orders. Discrete Math. 165/166 (1997), 139-153.

F.Y.L. Chin, X. Deng, Q. Feng, and S. Zhu. Approximate and dynamic rank ag-
gregation. Theoret. Comput. Sci. 325, (2004), 409-424.

C. Demetrescu and I. Finochi. Breaking cycles for minimizing crossings. Electronic
J. Algorithm Engineering 6, No. 2, (2001).

P. Diaconis and R. Graham. Spearman’s footrule as a measure for disarray. Journal
of the Royal Statistical Society, Series B, 39, (1977), 262-268.

G. Di Battista, P. Eades, R. Tamassia, and I.G. Tollis. Graph Drawing: Algorithms
for the Visualization of Graphs. Prentice Hall, (1999).

C. Dwork, R. Kumar, M. Noar, and D. Sivakumar. Rank aggregation methods for
the Web. Proc. WWW10 (2001), 613-622.

P. Eades and N.C. Wormald. Edge crossings in drawings of bipartite graphs. Al-
gorithmica 11, (1994), 379-403.

G. Even, J. Naor, B. Schieber, and M. Sudan. Approximating minimum feedback
sets and multicuts in directed graphs. Algorithmica 20, (1998), 151-174.

M.R. Garey and D.S. Johnson. Computers and Intractability: A Guide to the
Theory of NP-Completeness. W.H. Freeman, San Francisco, (1979).

M.R. Garey and D.S. Johnson. Crossing number is NP-complete. STAM J. Alg.
Disc. Meth. 4, (1983), 312-316.

M. Jiinger and P. Mutzel. 2-layer straightline crossing minimization: performance
of exact and heuristic algorithms. J. Graph Alg. Appl. 1, (1997), 1-25.

M. Kaufmann and D. Wagner (Eds.). Drawing Graphs: Methods and Models,
LNCS 2025, (2001).

J. G. Kemeny. Mathematics without numbers. Daedalus 88, (1959), 577-591.

X. Munos, W. Unger, and I. Vrto. One sided crossing minimization is NP-hard for
sparse graphs. Proc. GD 2001, LNCS 2265, (2002), 115-123.

J.W. Moon. Topics on Tournaments. Holt, New York (1968).

H. Nagamochi. An Improved approximation to the One-Sided Bilayer Drawing.
Discr. Comp. Geometry 33(4), (2005), 569-591.

K. Sugiyama, S. Tagawa, and M. Toda. Methods for visual understanding of hier-
archical systems structures. IEEE Trans. SMC 11, (1981), 109-125.

V. Waddle and A. Malhotra An Flog E line crossing algorithm for leveled graphs.
Proc. GD 99, LNCS 1731 (2000), 59-70.

A. Yamaguchi and A. Sugimoto. An approximation algorithm for the two-layered
graph drawing problem. Discrete Comput. Geom. 33, (2005), 565-591.



Morphing Planar Graphs While Preserving
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Abstract. Two straight-line drawings P, Q of a graph (V, E) are called
parallel if, for every edge (u,v) € E, the vector from u to v has the same
direction in both P and Q. We study problems of the form: given sim-
ple, parallel drawings P, Q) does there exist a continuous transformation
between them such that intermediate drawings of the transformation
remain simple and parallel with P (and Q)? We prove that a transfor-
mation can always be found in the case of orthogonal drawings; however,
when edges are allowed to be in one of three or more slopes the problem
becomes NP-hard.

1 Introduction

The process of drawing a graph is rarely a one-time task devoid of prior geometric
information. In many situations we already have a drawing of a graph, and the
graph may change or the requirements on the drawing may change. Dynamic
graph drawing [6] deals with the situation where the graph changes incrementally.
The goals—to avoid recomputing the drawing from scratch, and to preserve the
user’s mental map [22]—are accomplished by altering the drawing as little as
possible, which makes it straightforward to animate the changes.

There are situations however, where the graph changes more dramatically or
the requirements on the drawing change, and the best approach is to compute
a new drawing. Preserving the user’s mental map is still desirable, but it is no
longer straightforward to animate a continuous transformation from the original
drawing to the new drawing [14,[15].

Transforming one geometric object to another in a continuous way is called
morphing, and is well-studied in graphics [I6], where it is often accomplished
in image space by transforming each pixel. More appropriate for graph drawing
applications are object space morphs, which operate on geometric objects.

In addition to the visualization applications just mentioned, morphing graph
drawings also finds application in the medical imaging problem of creating a
3-dimensional model from 2-dimensional slices obtained e.g. by X-rays [2].

Morphing without maintaining geometric structure is easy but usually un-
helpful. The linear morph, for example, moves every vertex in a straight line
from its position in the source to its position in the target. It has the desirable
property of making minimal changes to vertex positions, but has the undesirable

P. Healy and N.S. Nikolov (Eds.): GD 2005, LNCS 3843, pp. 13-24] 2005.
© Springer-Verlag Berlin Heidelberg 2005
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property of producing intersections between disjoint objects—for example, you
and your dance partner would change places by moving through each other.

Besides avoiding intersections, some other criteria for quality morphs are that
a vertex should not stray too far from the line between its initial and final po-
sitions, and the length and direction of an edge should not deviate radically
from the initial and final values. Criteria for evaluating interactive graph draw-
ings also apply—see Bridgeman and Tamassia [7] for the case of orthogonal
drawings.

Our aim in this paper is not to develop heuristics to address the many (con-
flicting) criteria. Rather, we concentrate on morphs that exactly preserve two
properties: planarity (i.e. simplicity) and edge directions—we call these parallel
morphs. The source and target drawings are simple straight-line drawings that
represent the same graph embedded the same way, and such that each edge in
the source drawing is parallel to its counterpart in the target drawing.

Our main result is an algorithm to find a parallel morph for the case of or-
thogonal graph drawings. The morphs produced by our algorithm are composed
of O(n) linear morphs where n is the size of the graphs. The user’s mental model
should be well preserved by these morphs. We briefly address the issue of how
edge lengths change during the morph. One application of this result arises when
VLSI compaction techniques [20] (which preserve edge directions) are used to
reduce the area of an orthogonal drawing—our morph provides a continuous
motion from the original drawing to the compacted one.

Recently, Lubiw, Petrick and Spriggs [21I] devised an algorithm for morph-
ing between two orthogonal drawings of a graph, where in these drawings ver-
tices are points and edges are orthogonal paths. Morphs produced by the algo-
rithm maintain both planarity and orthogonality. The algorithm employs—as a
subroutine—the parallel-morphing algorithm described in the present paper.

On the negative side, we show that it is NP-hard to decide whether a parallel
morph exists for the case of general planar graph drawings—in fact, in a typical
2-3 dichotomy, the problem is hard for 3 edge directions, and easy for 2.

1.1 Background

There is a broad, rich body of work on transforming one object to another
while maintaining some geometric structure. Included are problems of morphing,
animation, motion planning, folding, linkage reconfiguration, rigidity theory, etc.
We will mention some of the most relevant background.

Preserving the Mental Map. Friedrich et al. [T4,[I5] considered the problem
of “animating” the transformation from one graph drawing (not necessarily pla-
nar) to another. They do not insist on any geometric structure being strictly
maintained, but their goal is to produce an animation that preserves the users
mental map, and the criteria they formulate to accomplish this include minimiz-
ing temporary edge crossings and maintaining some minimal distance between
nodes. Their method uses a combination of rigid motions and linear morphs,
with the addition of clustering techniques in the second paper.
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Preserving Simplicity. In 1944, long before the word “morph” was coined,
Cairns [9] showed that there is a non-intersecting morph from any planar
triangulation to any isomorphic one with the same fixed triangle as a boundary.
Thomassen [23] strengthened this in two ways: First, he generalized to con-
vex subdivisions and morphs preserving convexity. Secondly, he generalized to
straight-line drawings of planar graphs, using the technique of “compatible tri-
angulation” (discovered independently by Aronov et al. [I]) to augment both
drawings to isomorphic triangulations, thus reducing to Cairns’ result. These
results are constructive, but algorithmic issues are not explored. Although only
one vertex moves at a time, the graph is contracted down to a triangle which
does nothing for the user’s mental map.

Independently, Floater and Gotsman [I3] proved Thomassen’s convex mor-
phing result using an entirely different approach based on Tutte’s method of
embedding graphs using barycentric coordinates. Their morph moves all ver-
tices at once, and computes snapshots of the graph at intermediate time points.
Combining this result with compatible triangulation [I] gives a different non-
intersecting morph for straight line drawings [17]. These morphs can be visually
pleasing, but there are no analytical results on the complexity of the vertex
trajectories, or the number of time steps required to give the appearance of
continuous motion. Erten, Kobourov, and Pitta [I1,12] have implemented the
Floater-Gotsman method, with a preliminary phase that attempts to align the
two drawings using rigid planar transformations.

Preserving Edge Directions. In addition to preserving simplicity and con-
vexity, Thomassen [23] considered the problem of preserving edge directions.
He showed that between any two simple orthogonal cycles with corresponding
edges parallel, there is a parallel morph. Thomassen’s morphs shrink edges to
infinitesimal lengths. Our main result in this paper generalizes Thomassen’s re-
sult to orthogonal graphs, rather than just cycles, and we do not shrink edges
to infinitesimal lengths.

Thomassen’s result was extended in a different direction to the case of simple
non-orthogonal cycles by Guibas et al. [I9], and independently by Grenander
et al. [18]. In related work we show that there exists a parallel morph between
any two trees in any dimension, but not for orthogonal cycles in 3D even if they
represent the trivial knot [3], and not for edge graphs of genus-0 orthogonal
polyhedra in 3D [5].

We have also explored the possibility of parallel morphs that change edge lengths
monotonically—the most stringent condition for nice edge-length behavior. We
show [4] that such morphs are possible for convex and orthogonally convex polygons,
but that the decision problem becomes NP-hard for orthogonal polygons.

Preserving Edge Lengths: Linkage Reconfiguration and Rigidity. When
a morph must preserve simplicity and edge lengths (rather than directions) we ar-
rive at linkage reconfiguration problems, a topic of considerable recent interest—
see [10] and references therein. For connections with rigidity theory and parallel
redrawings, please see [3].
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2 Preliminaries

Let (V,E) be an undirected graph with vertex set V' and edge set F, and let
p:V — IR2. The triple P = (V, E, p) uniquely determines a bend-free straight-
line drawing of graph (V| E) in the plane. Each edge (u,v) € FE is represented
in this drawing by the line segment between p(u) and p(v). We will use p(u, v)
to refer to this edge, and |p(u,v)| to denote its length. A drawing P = (V| E, p)
is called simple if each vertex lies at unique coordinates and each pair of (non-
equal) edges may intersect each other only at a common vertex. A drawing is
orthogonal if each edge of the drawing is parallel with one of the axes.

Two drawings P = (V, E,p) and Q = (V, E,q) of the same graph are called
parallel if for each edge (u, v) € E, there exists some A > 0 such that p(u)—p(v) =
A(g(u) — q(v)). When this expression holds for a particular edge (u,v), we say
that (u,v) has the same direction in both P and Q.

Given two simple, parallel drawings P, Q of a graph (V, E) a parallel morph
from P to @ is a continuous motion of the vertices that takes us from P to @) such
that at all times the positions of the vertices determine a drawing of (V, E') that
is both simple and parallel with P and Q. Formally, a parallel morph from P to Q
is a continuously changing family of drawings R such that R(0) = P, R(1) = Q,
and for every t € [0,1], R(t) = (V, E, ;) where 7 : V — IR? determines a simple
drawing R(t) that is parallel with P and Q.

Given drawings P = (V,E,p) and Q = (V, E,q), the linear morph between
them is the morph in which each vertex v € V' moves continuously from p(v) to
q(v) at constant velocity—i.e. using the notation above, r(v) = tq(v)+(1—t)p(v)
for each vertex v € V. Notice, by this definition R(0) = P and R(1) = Q. One
can show easily that a linear morph between two parallel simple drawings keeps
each edge parallel with its realization in R(0) and R(1), and changes edge-lengths
monotonically. However, it may destroy simplicity. At the heart of our algorithm
is the result that a linear morph does maintain simplicity in some situations:
when the ordering of the coordinates of the vertices is the same in P and @); and
more generally, when P and @ are rectangular drawings as defined in the next
section. These results are proved in [5].

3 Morphing Orthogonal Drawings

This section contains our main result—an algorithm to find a parallel morph
between any two simple parallel orthogonal graph drawings that are “bend-
free”—i.e. in which each edge is a single line segment.

Traditionally, an orthogonal graph drawing represents each edge as a path
with bends. We find it more convenient to deal with edges that are single line
segments (e.g. for defining “parallel”). Morphing of traditional orthogonal graph
drawings can be achieved via our method if each edge has the same number
and direction of bends in the source and target drawings—we simply replace
each bend by a vertex. Henceforth, “orthogonal drawing” will mean “bend-free
orthogonal drawing”.
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Fig. 1. A rectangular drawing

Theorem 1. Any two simple parallel orthogonal drawings P,Q of a connected
graph (V, E) admit a parallel morph that is composed of O(|V'|) linear morphs.

3.1 Overview of the Morphing Algorithm

A rectangular drawing is a drawing in which the boundary of every face—
including the outer face—is a rectangle (Fig. [T)); the side of a rectangular face
may be subdivided by any number of vertices. (A rectangular drawing is a type
of turn-regular drawing as defined by Bridgeman et al. [§], i.e. no face has “kitty
corners”.) One can show that for a pair of parallel rectangular drawings, the
linear morph is a parallel morph, i.e. it maintains both simplicity and edge di-
rections.

So given two parallel orthogonal drawings P and @, if they are rectangu-
lar drawings, we can morph them by applying a linear morph. Otherwise, our
approach is to augment the drawings (by adding vertices, subdividing edges,
and/or adding edges) to turn them into parallel rectangular drawings. Clearly,
if we can morph two parallel augmented drawings, then we can also morph the
original drawings by using the induced morph.

Our algorithm has three stages. The first stage ensures that the boundary of
the exterior face of each drawing is a rectangle. Adding a new bounding rectangle
around each drawing is easy; the only complication is maintaining connectedness
of the graph and keeping the drawings parallel. In the target drawing @, add a
non-intersecting vertical edge between some vertex v and a new vertex u placed
along the upper edge of the boundary rectangle. See Fig. 2] (a) and (b). We want
the source drawing P to be parallel with the new target. In the source drawing,
we can subdivide the upper edge of the bounding rectangle by vertex wu, and
position it above v, but the line segment (u,v) may cross parts of the drawing.
We fix this by performing a parallel morph of the source so that (u,v) can be
added, while maintaining simplicity. The fact that such a morph can always be
performed on an orthogonal drawing is the key idea underlying our algorithm.
Details are given in Sect.

This completes the first stage of the algorithm. At this point, we have a new
source and new target drawing. The drawings are parallel, the underlying graph
is connected, and the the exterior face is bounded by a rectangle.

The second stage of the algorithm further modifies the drawings obtained in
the first stage so that the boundary of each interior face is a rectangle. Until
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| Uiﬂ

Fig. 2. Modifying the target drawing: (a) The original target. (b) The target following
the first stage. (c¢) The target after adding an edge in the second stage.

(@) (b) ©

every face of the target is a rectangle, iterate as follows. Pick a face f that is
not a rectangle, and add a vertical edge from one reflex vertex w of f to the
nearest edge e of f, which we subdivide by a new vertex z; see Fig. 2(c). To
maintain parallel drawings, subdivide edge e by vertex z in the source drawing.
Then, morph the source so that the vertical edge (w, z) can be added to it while
maintaining the simplicity of the drawing; refer again to Sect. for details.
The third stage of the algorithm is a linear morph between the rectangular
source and rectangular target drawings. With that, the morph is complete.

3.2 Morphing to Add a New Edge

The first two stages of our morphing algorithm depend on the ability to morph
the source drawing to a parallel drawing that admits a non-intersecting vertical
edge between two given vertices. The idea is to draw a non-intersecting orthog-
onal path between the two vertices, and then morph the drawing (including the
path) in order to straighten the path until it has no bends—at which point it
forms the desired edge.

Not every orthogonal path can be straightened. Let @ be a simple orthogonal
drawing of a path. @ is balanced if we encounter an equal number of left and
right turns as we follow the path from one end to the other. In the remainder of
this section we show that a balanced path can be straightened, and that in the
above situation we can always find a balanced path between the two vertices we
wish to join by an edge. Together with an analysis of the number of morphing
steps, this will complete the proof of Theorem [l

Straightening a Balanced Path. In this section we show that a balanced
path of m bends can be straightened using O(m) linear morphs.

Suppose that P and @ are drawings. We define P U @ in the natural way,
noting that any vertex common to P and ¢ must be in the same location in
both drawings.

Lemma 1. Let P = (V,E,p) and & = (Vp, Es,d) be simple orthogonal draw-
ings with va,vg € V N Vo such that @ is a balanced drawing of a path with
end-vertices v, and vg, and PU® is simple. There exists a parallel morph from
P to a drawing P' = (V, E,p’) such that p'(vy) and p’(vg) can be connected by a
horizontal or vertical line segment whose interior does not intersect P'. Further,
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Fig. 3. The arrangement of the path vertices

the morph is composed of a sequence of O(m) linear morphs, where m is the
number of vertices in P.

Proof. As we follow @ from v, to vg, we pass an equal number of left and right
turns. We prove the lemma by induction on the number of left turns in @. If &
contains no left turns, then it contains no right turns either and must be a line
segment, and we are done. So assume that @ contains k > 0 left turns. Since @ is
balanced, somewhere a left turn must be followed by a right turn or vice versa;
so assume that vg, vy, ve,vg € Vg is a sub-path with a right turn at v followed
by a left turn at v.. We will show below how to remove these two turns with a
linear morph; this proves the lemma by induction.

Assume w.l.o.g. that the arrangement of ¢(v,), ¢(vp), ¢(v.), ¢(vq) is as shown
in Fig.Bla). Let V C V U Vg be those vertices that lie either:

1. Strictly above the ray originating at ¢(v,) and going leftward; or
2. On or above the ray originating at ¢(v.) and going rightward.

The vertices in V are shown black in Fig. [l while the others are drawn white.
Let R be the linear morph from P U @ in which each v € V moves upward
at a uniform rate a distance of |¢(vp, v.)| while other vertices remain fixed; see
Fig. Blb). Let P’ = (V, E,p’) denote the drawing of graph (V, E) following this
linear morph. Notice, R reduces the distance between v, and v, to zero. Simplify
the path graph (Vg, Eg) by removing v and v, and adding the horizontal edge
(va,vq). The resulting path ¢’ has one fewer left turn and one fewer right turn
than @, so it is a balanced path between v, and vg with fewer than k left turns.
To complete the proof we must show that R keeps edges parallel, and—
excepting vertices v, and vg—maintains simplicity. This is proved easily (we
omit details) by observing the following properties of our morph: (1) Vertices
move only vertically and upward. (2) If a vertex moves, then any vertex vertically
above it (with the exception of v;) moves by exactly the same amount. (3) By
simplicity of @ U P, no horizontal edge of P has one vertex in V and the other
vertex outside V. O
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(a) (b)

Fig.4. A path from a vertex in P to infinity: In (a) the path has an excess of eight
left turns, and in (b) the path is balanced

Finding a Balanced Path in the First Stage. Recall that for the first stage
we want a balanced path in the source drawing between vertex v lying on the
original outer face and a vertex u on the upper edge of the bounding rectangle.
It suffices to show that we can build a simple balanced path from v that ends in
an upward-directed vertical ray.

Lemma 2. Let P = (V, E,p) be an orthogonal drawing of a connected graph and
let v € V be a vertex that has no incident vertical segment above it, such that
the face immediately above p(v) is the outer face. Drawing P admits a balanced
simple path @ of complexity O(|V]) that starts at p(v), goes upward, and ends
with an upward-directed vertical ray.

Proof. We construct a path that goes upward some small distance e from p(v)
and then walks around the boundary of the outer face until we reach a point
where an upward-directed ray does not intersect P. If this path is balanced we
are done. Otherwise, add the appropriate number of turns of opposite direction,
as illustrated in Fig. @(b). a

Lemma [Il and Lemma 2] together prove that the first stage of the algorithm
runs correctly, and is composed of O(n) morphing steps.

Finding a Balanced Path in the Second Stage. We augment the target
drawing by ©(n) edges to produce a rectangular drawing, and, for each such edge,
find a corresponding orthogonal path in the source which we then straighten by
morphing. If we were to add the target edges in arbitrary order, each of the ©(n)
paths in the source might have ©(n) bends to straighten, for a total of ©(n?)
morphing steps in this stage. We can avoid this by choosing the new target edges
carefully. We use only vertical edges. Each new vertical edge cuts a face in two.
We choose an edge s.t. one of the new faces is a rectangle. In the source drawing,
we find a balanced path with O(1) turns by walking just inside the perimeter
of this rectangular face. Straightening this balanced path takes O(1) morphing
steps, for a total of O(n) morphing steps in the second stage.

This finishes the proof of Theorem 1. We note here that while only O(n) lin-
ear morphs are needed, each of them might require §2(n) time for updating the
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coordinates of vertices (which are needed for computing later morphs correctly).
Hence the total time to perform all morphs is O(n?).

4 Edge Lengths in Morphing Orthogonal Drawings

In this section we explore how edge lengths change during parallel morphs be-
tween orthogonal drawings. There seems to be a trade-off between the number
of times an edge increases and decreases in length, and the amount by which
an edge deviates from its lengths in the source and target. Morphs produced by
the algorithm of Sect. [ are well-behaved with respect to the first measure, but
not the second. In these morphs, each edge is non-decreasing in length until the
third stage when a linear morph to the target is performed. If, prior to the final
linear morph, we scale up the drawing so that every edge is longer than its target
length, we obtain a two-phase morph where edges are non-decreasing in the first
phase, and non-increasing in the second phase. Call this a (+, —)-morph. We can
prove any (+, —)-morph will, in some cases, dramatically alter edge lengths.
For a parallel morph R(t) = (V, E, ), define the stretch factor A(R) as

{ maxye(o,1){[7:(u, v)[} min{lro(u,v),ﬁ(u’v)}} (1)

max{|ro(u, v)|, [r1(u, v)[}" mingejo,1y{|re(u, v)[}

A(R) = max

(u,v)EE

The stretch factor is the largest factor by which some edge of the graph deviates
from the range delimited by its lengths in the source and target drawings.

Theorem 2. For any positive integer n there exists a pair of parallel orthogonal

drawings with n vertices such that for any (+, —)-morph R between the drawings,
A(R) > 290 /p,

Due to space limitations we omit the proof, but an example of the construction
is given in Fig. [0l Curiously, we have been unable to construct situations where
(=, +)-morphs have such bad stretch factors. If we allow more fluctuations in
edge lengths we can do much better.

. [l L]

a b

Fig. 5. The source drawing for Theorem 2l The target drawing is similar, except that
spirals b and c are “disentwined” while spirals a and d are “entwined.”

Theorem 3. There exists a parallel morph R between any two simple orthogonal
drawings P,Q of a graph (V, E) such that A(R) <n — 1, where n = |V/|.
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By Theorem [I] there exists a parallel morph R’ from P to Q. The idea—for
proving Theorem [Bis to decompose R’ by a sequence of breakpoints such that
between breakpoints no two vertices change order in w.r.t. a coordinate axis.
The drawings at the breakpoints can be realized on nice-sized grids, and a new
parallel morph R can be generated by a sequence of linear morphs between
successive drawings on these nice-sized grids. Edge lengths are well-behaved on
the grid, and linear morphs change edge-lengths monotonically. R has a linear
stretch factor and each edge will alternately expand and shrink O(n?) times.

5 Non-orthogonal Morphing Is NP-Hard

Previous sections deal with orthogonal drawings. We now consider general draw-
ings, and prove that it is NP-hard to decide whether parallel non-orthogonal
drawings of a graph admit a parallel morph—even if there are only three possi-
ble edge directions. We note that the algorithm of Sect. Bl together with a shear
can be used to morph any parallel graphs drawn using two edge directions.

Our NP-hardness reduction is from a closely related problem called Parallel
Morphing with Static Edges (PM-STATIC):

— Given parallel orthogonal polygons P = (V, E,p) and Q = (V,E,q) and a
subset £ C E such that for each edge (u,v) € &, |p(u,v)| = |q(u,v)|,

— does P, admit a parallel morph such that all edges in £ remain of fixed
length throughout the morph?

We call the edges in &, static edges, and the remaining edges of E are called
elastic edges. The proof that PM-STATIC is NP-hard appears in [5]; we use a
similar reduction to prove it NP-hard to decide whether two parallel orthogonal
polygons admit a monotone morph [4].

Theorem 4. Given two parallel drawings of a graph, it is NP-hard to decide
whether there exists a parallel morph between them—even in the case where
edges can only be horizontal, vertical, or of slope 1.

Proof. We reduce from PM-StaTIC. Let P = (V,E,p) and Q = (V, E,q) be a
pair of parallel orthogonal polygons and let £ C E be a set of static edges, whose
lengths in P and @ are equal. Assume w.l.0.g. that both P and ) are embedded
on a unit grid, i.e., all vertices are located at integer coordinates; one can show
(details omitted) that this can be done with coordinates polynomial in n = |V]|.

Construct a drawing P’ from P as follows. Fix a value € = (4n)~!. For each
vertex v € V, include a drawing of an e X e-square in P’, centered at p(v), with a
diagonal edge between the lower-left and upper-right corners. Observe that such
a square permits only translation and scaling during a parallel morph.

For each edge (u,v) € E, in P’ connect the diagonalized squares corresponding
to u and v as follows. An elastic edge of P is encoded in P’ by two parallel axis-
aligned edges, and a static edge is encoded by a series of diagonalized squares; see
Fig.[6l The encoding of a static edge in P’ permits only translation and scaling
in a parallel morph, while the encoding of an elastic edge also permits changes
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Fig. 6. An orthogonal polygon P and corresponding drawing P’

to the length of the two parallel edges. We construct Q' from @ in the same
way. One can easily verify that P’ and @’ are simple, and also show (details are
omitted here) that they admit a parallel morph if and only if P and @ admit a
parallel morph that does not change the length any static edge. a

6 Conclusion

This paper addressed the problem of morphing one planar graph drawing to
another when corresponding edges have the same direction and the morph should
maintain this property. We showed how to morph orthogonal graph drawings;
our morphs are computationally and visually well-behaved. However, as soon
we allow edges to have one of three slopes the problem becomes NP-hard. We
conclude with some open problems.

The morphing algorithm of Sect. Bl works for orthogonal point-drawings (ver-
tices are points), but not necessarily for orthogonal boz-drawings (vertices are
disjoint boxes that must remain of the same dimensions throughout the morph).
What is the complexity of this problem? In more practical situations, corre-
sponding edges will not be parallel in the source and target drawings. A morph
should not change edge directions more than necessary. Is it possible to design
morphs that minimize changes to edge directions, or to angles? Even the follow-
ing is open: given two polygons, is there a non-intersecting morph between them
that preserves convexity /non-convexity of angles?
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Dynamic Spectral Layout of Small Worlds
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Abstract. Spectral methods are naturally suited for dynamic graph
layout, because moderate changes of a graph yield moderate changes of
the layout under weak assumptions. We discuss some general principles
for dynamic graph layout and derive a dynamic spectral layout approach
for the animation of small-world models.

1 Introduction

The main problem in dynamic graph layout is the balance of layout quality and
mental-map preservation [I7]. Typically, the problem is addressed by adapting a
static layout method such that it produces similar layouts for successive graphs.
While these adaptations are typically ad-hoc [§], others [2,[I] are based on the
formally derived method [3] of integrating difference metrics [5] into the static
method. See [4] for an overview of the dynamic graph drawing problem.

Spectral layout denotes the use of eigenvectors of graph-related matrices such
as the adjacency or Laplacian matrix as coordinate vectors. See, e.g., [I5] for
an introduction. We argue that spectral methods are particularly suited for dy-
namic graph layout both from a theoretical and practical point of view, because
moderate changes in the graph naturally translate into moderate changes of the
layout, and updates can be computed efficiently.

This paper is organized as follows. In Sect. 2l we define some basic notation
and recall the principles of spectral graph layout. The dynamic graph layout
problem is reviewed briefly in Sect. Bl and methods for updates between layouts
of consecutive graphs are treated in more detail in Sect. @l In Sect. [, our ap-
proach for small worlds is introduced, and we conclude with a brief discussion

in Sect. [6l

2 Preliminaries

For ease of exposition we consider only two-dimensional straight-line represen-
tations of simple, undirected graphs G = (V, E) with positive edge weights
w: B — IRT, although most techniques and results in this paper easily carry
over to other classes of graphs.

In straight-line representations, a two-dimensional layout is determined by a
vector (py)vev of positions p, = (x4, Yyy). Most of the time we will reason about
one-dimensional layouts x that represent the projection of p onto one component.

P. Healy and N.S. Nikolov (Eds.): GD 2005, LNCS 3843, pp. 25-36] 2005.
© Springer-Verlag Berlin Heidelberg 2005
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For any graph-related matrix M (G), a spectral layout of G is defined by two
eigenvectors = and y of M(G). For simplicity, we will only consider layouts
derived from the Laplacian matriz L(G) of G, which is defined by elements

Y _{Zuevw(uau) V=W,

e —w(v,w) U FE W,

The rows of L(G) add up to 0, thus, the vector 1 = (1,...,1)T is a trivial
eigenvector for eigenvalue 0. Since L(G) is symmetric all eigenvalues are real,
and the theorem of Gershgorin [I3] yields, that the spectrum is bounded to the
interval [0, g], for an upper bound g > 0. Hence, the spectrum can be written
as 0 = A\ < Ay < ... < )\, < g with corresponding unit eigenvectors 1/y/n =
ViyewoyUn.

Based on the Laplacian, a spectral layout is defined as p = (ve,v3), where
vo and vz are unit eigenvectors to the second and third smallest eigenvalues of
the corresponding Laplacian matrix L(G). This has already been used for graph
drawing in 1970 by Hall [I4].

For sparse graphs of moderate size, a practical method to determine the cor-
responding eigenvectors is power iteration. For an initial vector x the matrix
multiplication L(G)z/||L(G)z|| is iterated until it converges to a unit eigenvec-
tor associated with the largest eigenvalue. Since we are not interested in v,,, we
use matrix L = g - I — L(G), which has the same eigenvectors with the order
of their eigenvalues g = g— A\ > g— Ay > ... > g — A, reversed. To obtain
vy and vs, respectively, = is orthogonalized with v1 (and in the case of vs also
with vg) after each iteration step, i.e., the mean value Y . | x;/n is subtracted
from every element of x to ensure x_1 1. Spectral layouts of larger graphs can be
computed efficiently using multiscale methods [16].

3 Dynamic Layout

In our setting, a dynamic graph is a sequence GV, ... G(") of graphs with, in
general, small edit distance, i.e. G is obtained from G¢~V 1 < ¢t < r, by
adding, changing, and deleting only a few vertices and edges.

There are two main scenarios for the animation of a dynamic graph, depending
on whether the individual graphs are presented to the layout algorithm one at
a time, or the entire sequence is known in advance. Layout approaches for the
offline scenario (e.g., [7]) are frequently based on a layout of the union of all
graphs in the sequence. A variant are 2.5D representations in which all graphs
are shown at once (e.g., [9]). In the online scenario, the typical approach is to
consider only the previous layout (e.g., [§]). A variant in which provisions for
likely future changes are made is presented in [6].

Since, typically, spectral layouts of similar graphs do not differ much anyway,
it is reasonable to ignore the fact that a graph is but one graph in a sequence
altogether and compute static layouts for each of them. We rather concentrate
on the update step between consecutive layouts.
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4 Updates

Assume we are given a sequence of layouts pp,...,p,. for a dynamic graph
GWM,...,G"). The step from p; to piy1 is called logical update, whereas the
actual animation of the transition is referred to as the physical update.

While simple, say, linear interpolation of two layouts is most frequently used in
graph editors, more sophisticated techniques for morphing are available (see, e.g.,
[11,12,[10]. General morphing strategies do not take into account the method by
which origin and target layout are generated.

For dynamic spectral layout, at least two additional strategies are reasonable.

4.1 Iteration

If the target layout 41 is a spectral layout, the iteration for its own computation
can and should be initialized with x;, that will usually be close to the target
layout. The power iteration then produces intermediate layouts which can be
used for the physical update. A way to enhance the smoothness of morphing
is needed because of the observation, that the first steps of the iteration yield
greater movement of the vertices when compared to later steps. Let L= g-I—
L(G®D). An iteration step then consists of computing the new layout La/|| Lz||
from a given layout x L 1. Let g = A1 > Ay > ... > Ay and 1/y/n = vy, v9,...,0,
be the eigenvalues and unit eigenvectors of L, respectively. Then if Ay > Ay > A3
(otherwise just proper eigenvectors and eigenvalues would have to be chosen in
what follows) and z = Y, a;v;, a2 # 0 we have

Lk

——— — vy and
|| LFz||

o= L) = [l - Bt
||k ]| ||LFz]]
A5ag s A ai
|| Lra]| || LEa||
= O(()\g/)\g)k) .

One way to handle this non-linear decay is to use layouts after appropriately
spaced numbers of steps, or to use layouts only if the difference to the last used
layout exceeds some threshold ¢ in some metric, e.g., if || — /|| > ¢. Both ways
will enhance the smoothness of morphing by avoiding the drawing of many small
movements at the end of the iteration process.

4.2 Interpolation

If both origin and target layout x; and x4 are spectral layouts, intermediate
layouts can also be obtained by computing eigenvectors of some intermediate
matrices from L(G®) to L(G®**Y)). We interpolate linearly by

aL(GDY+ (1 —a)L(GHY), 1>a>0.
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Layouts are computed for a sequence of breakpoints 1 > a1 > as > ... >
ar > 0 (aj41 — o constant, or proportional to sin(7j/k), depending on what
kind of morphing seems to be appropriate, the latter one slowing down at the
beginning and end). For every breakpoint «; the iteration is initialized with the
layout of o;_1, which allows fast convergence and small movements between two
succeeding breakpoints. Deletion and insertion of vertices have to be handled in
a different manner, since the matrix dimension changes. See Sect. [l for details.

Figs.2and @lshow smooth animations of this method. Theoretical justification
for smoothness comes along with a theorem by Rellich [I§] applied to the finite
dimensional case. Matrix aL(G®)+ (1 —a)L(G*+1) can be seen as a perturbed
self-adjoint operator L(g) = L(G®)4e(L(G*H1)) — L(G®)) with corresponding
eigenvalues \;(¢) and eigenvectors v;(e), that are holomorphic with respect to
e, i.e.

Lg)vi(e) = Ai(e)vi(e), (1)

where v;(0) are eigenvectors at time ¢ and v;(1) can be permuted by a permu-
tation m, such that v,(;)(1) are (ordered) eigenvectors at time ¢ + 1. Note that
two eigenvectors may only have to be exchanged if its corresponding eigenvalues
intersect during the time from ¢ to ¢t + 1. And even then the power iteration ex-
changes these eigenvectors sufficiently smooth for pleasing animations, because
the corresponding eigenvalues remain within the same range for some time due
to smooth functions \;(g). Consider A2 and vs of the following small-world ex-
ample with n = 100 vertices and k = 7, where starting from a circle each vertex
is connected to its 2k nearest neighbors. Both A2(g) and va(e) can locally be
written as power series

Xo(€) = po + e +pa+ ...,
va(€) = wp + ewy + 2wy + ... . (2)

We show that ||w;|| < 1 and |u;| < 2/4/n for @ > 0, hence A2(g) and ve(e) will
be smooth functions, say, within [0,1/2] (and by the same construction within
the remaining interval, too). We write L(¢) = L + ¢P, where P is the insertion
of an edge between two non-adjacent vertices (with indices 1 and ), and denote
by I the identity matrix. From () and () we get

Lwo = powo
Jj—1

(L — MOI)U}]‘ = Zﬂj—iwi — Pwj_q (7>0), (3)
i=0

where we can recursively choose w;, (j > 0) such that w; Lwg. Since the right
hand sides of (B]) need to be orthogonal to wg for j > 0 this yields

i = (Pwj—1,wo) ,(j >0).

Now we can recursively compute upper bounds for |¢;| and ||w;||. Note that Ao
has multiplicity 2, and the right hand sides of ([3]) are also orthogonal to v1, such
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that 1/(A\y — Ag) is the least upper bound of the inverse mapping of L — uol
applied to the right hand side.

| = (wo,1 — wo,)? <2/n<2/Vn,

2\w017w07~| 2 2/’17,

< ’ o 2V —c<1/4.35,
lenll < === < 1ses <=V
s < 265007 V< 2/,

llwjll < mjef <1,

where k; is defined by kg =1 and k; = Zi;& Kikj—i—1 for j > 0.
Lemma 1. r; < 4.357 .

Proof. We show r; < 4.357/(j+1)?, which holds for all j < 144 (by evaluating).
For j > 144

-1 ; i1 Li/2)
435" 4.357 , 1 1
P T AL R S D e
—(i+1)?2 (-1 — (i+1)? (—1i)
10 10 ;
, 1 1 4 1 4.35171
<2435 —= ) S+ —(C2) - ) =) | £~ -4.348 .
B ((J —9)? ;ZQ J? (C( ) ;H) T (+1)?

O

Note that ||w;|| < 1 could also be shown for much weaker assumptions than
¢ < 1/4.35, which was sufficient for our example. Lemma [l is only very close to
optimal, the least upper bound of 1/(Ay — A2) is in general not achieved, and
|i| = | (Pwj—_1,wo) | can in general be better bounded than by ||w;_1|[\/4/n.

5 Application to Small Worlds

Spectral layout methods are naturally suited for smooth dynamic layout, because
the influence of vertices and edges that are subject to change can be increased or
decreased gradually. Moreover, each can be determined by iterative computations
that benefit from good initialization, so that moderate changes leads to moderate
and efficient updates.

Watts and Strogatz [19] introduced a random graph model that captures
some often-observed features of empirical graphs simultaneously: sparseness, lo-
cal clustering, and small average distances. This is achieved by starting from a
cycle and connecting each node with its 2k nearest neighbors for some small,
fixed k. The resulting graph is sparse and has a high clustering coefficient (av-
erage density of vertex neighborhoods), but also high (linear) average distance.

The average distance drops quickly when only a few random edges are rewired
randomly. If each edge is rewired independently with some probability p, there
is a large interval of p in which the average distance is already logarithmic while
the clustering coefficient is still reasonably high.
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5.1 Dynamic Laplacian Layout

Interestingly, spectral layouts highlight the construction underlying the above
model and thus point to the artificiality of generated graphs. This is due to the

Fig. 1. Update by iteration (read top left to top right to bottom right to bottom left).
Note the spread of change along the graph structure.

\\ j
Fig. 2. Update by interpolation. Layout anomalies are restricted to modified part of
graph.
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fact that spectral layouts of regular structures display their symmetry very well,
and are only moderately disturbed by small perturbations in the graph (mirror-
ing the argument for their use in dynamic layout). The initial ring structure of
the small world in Fig. [l is therefore still apparent, even though a significant
number of chords have been introduced by random rewiring. In fact, the lay-
out conveys very well which parts of the ring have been brought together by
short-cut edges.

Figs. Il and Bl point out differences between the two approaches using interme-
diate layouts obtained from the power iteration and from matrix interpolation.

Fig. 4. Interpolation updates maintain symmetry
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Fig. 5. Evolution of a small world (read top to bottom, left to right)
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It can be seen that the power iteration first acts locally around the changes. This
stems from the fact that in the first multiplication only the neighborhood of the
change, i.e., the two incident vertices of an edge with changed weight or the
neighbors of a deleted or inserted vertex, is affected. The next step also affects
vertices at distance 2, and so on. Hence, the change spreads like a wavefront.
The matrix interpolation approach acts globally at every step. Interpolating the
Laplacian matrices corresponds to gradually changing edge weights. The anima-
tion therefore is much more smooth.

Figs. Bl and [ show differences between simple linear interpolation of the po-
sitions and matrix interpolation. In Fig. [B] can be seen, that the symmetry of
the graph to its vertical axis is not preserved during the animation, whereas in
Fig. [ each intermediate layout preserves this symmetry.

Fig. Bl finally shows some snapshots of a small world evolving from a torus.
The layouts were obtained by using matrix interpolation (one intermediate step
per change shown). Note that deletion and insertion of vertices requires some
extra efforts, in particular, if the deletion of a vertex disconnects the graph.

5.2 Deletion and Insertion of Vertices

Consider deletion of a single vertex v, that does not disconnect the graph. Ma-
trix L(G(Hl)) is then expanded by one row and column of zeros corresponding
to vertex v, such that L(G®) and L(G®**Y) have the same dimension. This
derived matrix has a double eigenvalue 0. A new corresponding eigenvector is,
e.g., (0,...,0,1,0,...,0)T, where the 1 is at position corresponding to v. This
eigenvector will cause vertex v to drift away during power iteration, and thus
all other vertices stick together. This can be prevented by defining ¢, , = ¢ in
matrix L(G(”l)), leading to a movement of v towards 0. But in practice, the
following method proved to be successful. After every matrix multiplication re-
set the position of v to the barycenter of its neighbors. This either prevents a
drifting away or an absorbing to 0, which would otherwise be hard to manage.
Apart from using matrix aL(G®) 4 (1 — a)L(G®*Y) for the power iteration,
orthogonalization and normalization also have to be adapted. For time ¢ + 1 we
only need 411 L(1,...,1,0,1,...,1), instead of 2441 L1, and only the restriction
to the elements not corresponding to v have to be normalized. Both can be done
by linear interpolation of these operations.

Insertion of a vertex v is treated analogously. Expand matrix L(G(t)) by one
row and column of zeros as above. Orthogonalization and normalization again
have to be adapted.

5.3 Disconnected Graphs

The deletion of a cut vertex (or a bridge) disconnects the graph G*+1) into k > 2
components G1, ..., G. Each component is drawn separately by spectral meth-
ods and afterwards these layouts are merged to a layout for G(*+1). Basically,
there are three parameters for each component, that have to be determined af-
ter a layout x; for each Gj was computed. The first one determines the size of



34 U. Brandes, D. Fleischer, and T. Puppe

each component, i.e., find a constant s;, that scales x; to s;z;. The second one
determines where the barycenter of each component is set to. The rotation angle
of each component could also be considered, but we concentrate on the first two
parameters only.

The removal of a cut vertex (or a bridge) yields a matrix L(G(**+Y); that,
after rearranging, consists of k blocks L1, ..., Ly, which are Laplacian matrices

of lower dimensions
Ly 0

Lo
L(GY) =

0 Ly
Each of the components is now drawn separately, simply by the common power
iteration of the whole matrix L(G(*+1)), where only normalization and orthogo-
nalization have to be modified appropriately. The barycenter ¢; of each compo-
nent thus is 0, which we now reset to a new position. For notational purposes
identify the 2-dimensional plane with complex numbers. Let the current barycen-

ters c; be sorted increasingly by their angle to the positive real axis and reset
them to

. J k
S (@ o ) R (€71 B -
Cj = 2\/§eXp n ( 9 +;n5) ) 7]‘77 |G(t+1)|? 777;77.] .

Fig. 6. Drawing connected components (top: left to right, bottom: right to left)
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Together with a normalization s; = 7;, this has the effect, that the components
are distributed on a circle with radius n/ (2\/5), each on an area proportional to
the size of the component, and none of them overlap. Depending on the shape of
the components the radius can also be decreased. Note that the normalization
is also well suited, because Z?=1 77?- = 1 — analogous to ||z|| = 1.

Altogether, when removing a cut vertex, new barycenters are computed, power
iteration with modified orthogonalization/normalization is applied, and mean-
while each component moves to its new barycenter linearly to the chosen break-
points.

Further splitting and merging of connected components are handled analo-
gously, see Fig. [ol for an example.

6 Discussion

We have proposed a dynamization scheme for spectral layout and applied it to
changing small-world graphs. While there is no need to make special provisions
for logical updates, it turns out that matrix interpolation is the method of choice
for the physical update. Despite its simplicity, the scheme achieves both static
layout quality and mental-map preservation, because it utilizes stability inherent
in spectral layout methods.

Much of the dynamization scheme directly applies to force-directed methods
as well, and is in fact driven by common practices [8].

For both spectral and force-directed layout update computations are rather
efficient, since the preceding layouts are usually very good initializations for iter-
ative methods. For large graphs, it will be interesting to generalize the approach
to multilevel methods, possibly by maintaining (at least part of) the coarsening
hierarchy and reusing level layouts for initialization.

In general, spectral layouts are not suitable for graphs with low connectivity,
even in the static case. However, our dynamic approach is likely to work with
any improved methods for static spectral layout as well.
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Abstract. The crossing number of a graph is the minimum number of
edge crossings in any drawing of the graph into the plane. This very basic
property has been studied extensively in the literature from a theoretic
point of view and many bounds exist for a variety of graph classes. In this
paper, we present the first algorithm able to compute the crossing number
of general sparse graphs of moderate size and present computational
results on a popular benchmark set of graphs. The approach uses a new
integer linear programming formulation of the problem combined with
strong heuristics and problem reduction techniques. This enables us to
compute the crossing number for 91 percent of all graphs on up to 40
nodes in the benchmark set within a time limit of five minutes per graph.

1 Introduction

Crossing minimization is among the oldest and most fundamental problems aris-
ing in the areas of automatic graph drawing and VLSI design. At the same time,
it is very easy to formulate: “Given a graph G = (V, E), draw it in the plane with
a minimum number of edge crossings”. A drawing of G is a mapping of each
vertex v € V to a distinct point and each edge e = (v,w) € E to a curve con-
necting the incident vertices v and w without passing through any other vertex.
Common points of two edges that are not incident vertices are called crossings.
The minimum number of crossings among all drawings of G is denoted by cr(G).

The main goal in automatic graph drawing is to obtain a layout that is easy to
read and understand. Although the definition of layout quality often depends on
the particular application and is hard to measure, the number of edge crossings is
among the most important criteria [I8]. Figure [l shows a comparison of different
drawings for the same graph preferring different aesthetic criteria.

In fact, the crossing minimization problem is even older than the area of
automatic graph drawing. It goes back to P. Turan, who proposed the problem

P. Healy and N.S. Nikolov (Eds.): GD 2005, LNCS 3843, pp. 37-E8] 2005.
© Springer-Verlag Berlin Heidelberg 2005
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(a) (b) ()

Fig. 1. Three drawings of the same graph with 51 (a), twelve (b), and four crossings (c).
Most aesthetic criteria like few edge bends, uniform edge lengths, or a small drawing
area favor the first two drawings, while the last drawing is preferable with respect to
the number of edge crossings.

in his “Notes of Welcome” in the first issue of the Journal of Graph Theory [19].
While working in a labor camp during the Second World War, he noted that
crossings of the rails between kilns and storage yards caused the trucks to jump
the rails. Minimizing these crossings corresponds to the crossing minimization
problem for a complete bipartite graph K, 5.

In 1953, K. Zarankiewicz and K. Urbanik independently claimed a solution for
this problem by providing a drawing rule for complete bipartite graphs K, ,, with
|2 ]2t [ 2] 252 ] crossings. About ten years later, their proof of optimality
was shown to be wrong and it is still unknown whether the conjecture holds. The
situation for complete graphs K, is similar. Their crossing number is conjectured
to be 1| %] 251 ][ 252252 ], which has been verified for graphs of up to ten
nodes by Guy [10]. However, both conjectures are based on a drawing rule and
therefore serve as an upper bound for cr(G).

It is well known that the general crossing minimization problem is NP-hard [7].
More precisely, it is shown that the crossing number problem, i.e., “given a graph
G and a non-negative integer K, decide whether there is a drawing of G with at
most K edge crossings”, is NP-complete. However, for fixed K, we can obtain a
polynomial time algorithm by examining all possible configurations with up to
K crossings. Clearly, this algorithm is not appropriate in practical applications
for larger values of K. Recently, Grohe could show that this problem can be
solved in time O(|V'|?) [§]. Even though the exponent is independent of K, the
constant factor of his algorithm grows doubly exponentially in K. Therefore,
this method is also of little relevance in practice.

The search for approximation algorithms did not lead to significant results
either. While there is no known polynomial time approximation algorithm with
any type of quality guarantee for the general problem, Bhatt and Leighton could
derive an algorithm for graphs with bounded degree that approximates the num-
ber of crossings plus the number of nodes in polynomial time [2]. Due to the
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complexity of the crossing minimization problem, many restricted versions have
been considered in the literature. However, in most cases, e.g., for bipartite,
linear, and circular drawings, the problem remains NP-hard [6}, 16, 15].

The most prominent and practically successful approach for solving the cross-
ing minimization problem heuristically is the planarization approach [1], which
addresses the problem by a two step strategy. The idea is to remove a preferably
small number of edges in order to obtain a planar subgraph and reinsert them
into a planar drawing with as few crossings as possible. For each step, various
algorithms can be applied. Pre- and post-processing procedures have been devel-
oped to improve the solution quality. A computational study on state-of-the-art
heuristics can be found in [9].

Contribution and Structure. In this paper, we present the first algorithm able to
compute the crossing number of general sparse graphs of moderate size. We state
computational results on a popular benchmark set of graphs, the so-called Rome
library [5]. The approach uses a new integer linear programming formulation of
the problem combined with strong heuristics and problem reduction techniques.
This enables us to compute the crossing number for 91 percent of all graphs
on up to 40 nodes in the Rome library within a time limit of five minutes per
graph. In Sect. 2] we show how to reduce the problem to the easier problem of
computing crossing-minimal drawings where each edge is involved in at most
one crossing. We give an integer linear programming formulation for the simpler
problem and a branch-and-cut algorithm to compute provably optimal solutions
for this formulation in Sect. Bl Section ] summarizes the computational results
obtained with our new approach for the simple as well as the general crossing
number problem for Rome library graphs. We present conclusions and further
work in Section

2 Reduction to Simple Drawings

The area of crossing minimization is closely related to the field of planarity test-
ing, which aims to decide whether a given graph G can be drawn in the plane
without any edge crossings. This task can be performed surprisingly fast, more
precisely in linear time [I1,H4]. Beyond doubt, one of the ground-breaking results
in this research area was Kuratowski’s theorem, which provides a full charac-
terization of planar graphs based on the complete graph K5 and the complete
bipartite graph K3 3.

Theorem 1 (Kuratowski’s theorem). A finite graph is planar if and only if
it contains no subgraph that is a subdivision of K5 or K3 3.

We can obtain a subdivision S of a graph G by repeatedly replacing its edges
by a path of length two.

As a consequence of Theorem [T}, at least two edges in every Kuratowski sub-
division, i.e., a subdivision of K5 or K3 3, have to cross in every planar drawing
of a graph G. As we describe in Section Bl we can obtain inequalities from this
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observation that fully characterize the set of realizable crossing configurations
(corresponding to drawings in the plane).

Unfortunately, even deciding whether there is a drawing for a given set of
edge crossings is NP-complete [I3]. This problem is known as the realizability
problem and can be stated as follows: “Given a set of edge pairs D, does there
exist a drawing of G such that two edges e, f € E cross each other if and only
if {e,f} e D?

In order to efficiently answer this question, we also need to know the order of
the edge crossings for a particular edge e. With this additional information, it
is easy to solve the problem by placing dummy vertices on all chosen crossings
and testing the resulting graph for planarity.

One way to work around the realizability problem is the reduction to simple
drawings. A drawing is called simple if each edge crosses at most one other edge.
Not surprisingly, there are graphs that do not admit any simple drawing. Pach
and Té6th [I7)] showed the following more general theorem:

Theorem 2. Let G = (V, E) be a simple graph drawn in the plane so that every
edge is crossed by at most k others. If 0 < k < 4, then we have

[El < (k+3)(IV[-2). (1)

They could further prove that this bound cannot be improved for 0 < k < 2 and
that for any k > 1 the following inequality holds:

|E| < V16.875k|V| ~ 4.108VE|V| (2)

Fig. 2. Optimal drawing of a graph with two crossings (a) and an optimum simple
drawing of the same graph with three crossings (b). Both drawings were produced
with our exact algorithm presented in this paper.
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Furthermore, Bodlaender and Grigoriev proved that it is NP-complete to de-
termine whether there is a simple drawing for a given graph G [3]. If there is
such a drawing, we denote the minimum number of crossings among all simple
drawings of G by crs(G).

Even if there is a simple drawing for G, its crossing number crs(G) does not
necessarily coincide with cr(G). Consider the sample graph in Figure[2l The left
drawing shows an optimum drawing with two crossings while the right drawing
shows an optimum drawing among all simple drawings.

However, given a graph G = (V, E) we can create a graph G* = (V*, E*) by
replacing every edge e € E with a path of length |E|. It is easy to show that
for any non-negative number K the graph G can be drawn with K crossings
if and only if there is a simple drawing of G* with K crossings. Therefore, it
is “sufficient” to solve the crossing minimization problem restricted to simple
drawings in order to solve the general crossing minimization problem, clearly
at significant computational expense. Since the transformation obviously can be
done in polynomial time, the NP-completeness of the corresponding decision
problem for simple drawings follows immediately from the NP-completeness for
the general crossing number problem [7].

It is well-known that every graph G admits a good drawing with a minimum
number of crossings, i.e., a drawing that satisfies the following conditions:

1. no edge crosses itself
2. adjacent edges do not cross each other
3. non-adjacent edges cross each other at most once

Therefore it is sufficient to replace every edge e = (v,w) € E with a path of
length |E| — |6(v)] — |6(w)] — 1. We can further lower the number of required
dummy edges by using any upper bound for cr(G), since no edge can cross more
than cr(G) other edges in any optimal solution.

3 An Integer Linear Program for Simple Drawings

Mathematical programming is a powerful tool to address NP-hard combinatorial
optimization problems. Starting from an integer linear program (ILP) modeling
the problem under consideration, i.e., a linear program with integer variables,
sophisticated techniques like branch-and-cut can be applied. In the following, we
present an integer linear programming formulation for the crossing minimization
problem restricted to simple drawings. It is described in Sect. Blhow this method
can be used to solve the general crossing minimization problem.

Let G = (V,E) be a graph and let D be a set of unordered pairs of edges
of G. We call D simple if for every e € E there is at most one f € E such
that (e, f) € D. Furthermore, D is called realizable if there is a drawing of G
such that there is a crossing between edges e and f if and only if (e, f) € D.

For every graph G and every simple D, we denote with Gp the graph that is
obtained by introducing a dummy node d. ¢ for each pair of edges (e, f) € D.
More precisely, we introduce dummy nodes on both e and f and identify them.
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Note that Gp is only well-defined if D is simple, as otherwise it would not be
clear where to place the dummy nodes. For both edges e; and ey resulting from
splitting e, we set é; = é3 = e, analogously for f.

Corollary 1. Let D be simple. Then D is realizable if and only if Gp is planar.

Using a linear time planarity testing and embedding algorithm, we can thus test
in time O(|V| + |D|) whether D is realizable, and compute a realizing drawing
in the affirmative case.

Definition 1. For a set of pairs of edges D C E? we define

D 1 if(e,f)eD
700 otherwise .

Next, for every subgraph H = (V', E') of Gp, let H={é|eecE'}CE. Less

formally, H contains all edges of G involved in the subgraph H of Gp.

Proposition 1. Let D be simple and realizable. For an arbitrary simple set of
pairs of edges D' C E? of G = (V,E) and any subdivision H of K5 or K33
in Gpr, the following inequality holds:

Coom: Y, ah>1— >  (1-z5) (3)

(e,f)eH2\D’ (e,f)eH2ND’

Proof. Suppose (@) is violated. Since ng € {0,1} for all e, f € E, the left hand
side of (B must be zero and the right hand side must be one, which means that

xl; =0 forall (e, f) € H?\ D', and
alp=1 forall (e, f) e H*ND .

It follows from the definition of 2P that H2 N D' = H? N D, in other words,
that Gp corresponds to Gps on the subgraph induced by H, so that H is also
a forbidden subgraph in Gp, i.e., a subdivision of K5 or K3 3. It follows from

Kuratowski’s Theorem that Gp is not planar. This contradicts the realizability
of D by Corollary [l 0

Theorem 3. Let G = (V, E) be a simple graph. A set of pairs of edges D C E>
1s simple and realizable if and only if the following conditions hold:

ngE{O,l} Ve feE, e#f
Zx£f§1 Vee B
fEE

for every simple D' C E? and every

Corn forbidden subgraph H in Gp,
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Proof. 1t is easy to see that the constraints from the second row are satisfied if
and only if D is simple. It remains to show that a simple D is realizable if and
only if the conditions Cp/ g from the last row hold. For a realizable D every
Cpr 1 is satisfied according to Proposition [I1

We have to show that any non-realizable set D violates at least one of the
constraints Cp g. It follows from Corollary [l that G p is not planar if D is not
realizable and we know from Theorem [l that there exists a subdivision H of K
or K33 in Gp. Let D’ = D and consider the constraint Cp p:

Com: Y, xfp>1- > (1-25) (4)

(e,f)EH?\D (e,f)€H2ND

It follows from the definition of ¥ that every x£ § € H? \ D is zero, hence the
left hand side of (@) is also zero. Since H2N D C D we also know that

>, (-zf)=o0,

(e.f)€H2ND
so that the right hand side of Cp g is one. Thus Cp g is violated. O

For every simple and realizable set D C E?, we can compute a corresponding
drawing in polynomial time. Thus we can reformulate the crossing minimization
problem for simple drawings as “Given a graph G = (V, E), find a simple and
realizable subset D C E? of minimum cardinality”. This immediately leads to
the following ILP-formulation, where we use xz(F') as an abbreviation for the

term Y-, ¢ cp Te,f:
min x(E?)
s.t. er’fgl Vee E
feE
(H*\D') —2(H*ND')>1—|H*ND| for every simple D’
and every forbidden subgraph H in Gpr

Te 5 €{0,1} Ve feFE

It is clearly impractical to generate all constraints Cp g in advance and solve
the ILP in a single step. Instead, we embed the given formulation into a branch-
and-cut framework, separating violated inequalities dynamically during runtime
according to the proof of Theorem [Bl

A crucial factor in this approach is the separation problem: “Given a class of
valid inequalities and a vector y € R", either prove that y satisfies all inequali-
ties in the class, or find an inequality which is violated by y.”. Although we can
easily separate violated inequalities for integral solution vectors according to the
proof of Theorem [3 the problem is more complex within the branch-and-cut
framework since we have to deal with fractional values. A heuristic for separat-
ing the inequalities is to round variables to either zero or one, and then check
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for violated inequalities. The problem is that the inequalities produced by this
heuristic might not be violated by the current fractional solution. In this case we
select a branching variable and split the current problem into two subproblems
by setting the branching variable to zero, respectively one. The same is done if
no inequalities at all are produced by the separation heuristic.

In some cases, we can omit variables from our ILP. For instance, we can split
the graph into its blocks (two-connected components) and solve these blocks
independently—the crossing number of a graph is equal to the sum of the crossing
numbers of its blocks. Furthermore, it is easy to show that adjacent edges do
not cross in an optimal drawing and no edge crosses itself, i.e., we can restrict
ourselves to good drawings.

4 Computational Results

We have implemented the presented algorithm in Ct+ using the class library
LEDA and solve the linear programs arising during the optimization process
with the commercial optimization library CPLEX (version 8.1). We have inte-
grated our new algorithm into AGD, a powerful library of Algorithms for Graph
Drawing. This enables us to use any of the existing planar layout algorithms to
produce a drawing for G with cr(G) crossings.

In order to decrease the computational expense of many input graphs, we
applied a number of correctness preserving pre-processing procedures. These re-
move edges temporarily that do not influence the crossing number of the result-
ing graph. More precisely we repeatedly remove nodes of degree one and merge
paths such that each vertex except the start and the end vertex has degree two
to a single edge. The latter approach cannot be applied if we intend to determine
crs(@), since we may exclude the optimal solutions from consideration.

In order to obtain good upper bounds, we apply additionally to known bounds
based on the number of vertices and edges the well known planarization ap-
proach to the input graph [I]. Furthermore, we make use of an exact algorithm
proposed by Jiinger and Mutzel [I2] that computes the skewness sk(G) of G. It
is defined as the minimum number of edges that must be removed from G in
order to obtain a planar subgraph. It is well-known that the crossing number of
a graph cannot be smaller than its skewness. Hence we have that cr(G) > sk(G).
Computing the skewness is equivalent to the mazimum planar subgraph problem,
which was shown to be NP-hard by Liu and Geldmacher [14]. However, medium
sized instances can be solved to optimality in reasonable computation time.

To test the performance of our new algorithm and to compare its solution
quality to heuristic approaches, we used a benchmark set of graphs of the Uni-
versity of Rome I11I, introduced in [5]. The set contains 11, 389 graphs that consist
of 10 to 100 vertices and 9 to 158 edges. These graphs were generated from a
core set of 112 “real life” graphs used in database design and software engineer-
ing applications. Most of the graphs are sparse, which is a common property in
most application areas of automatic graph drawing. The average ratio between
the number of edges and the number of nodes of the graphs from the benchmark
set is about 1.35.
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Due to the complexity of the crossing minimization problem we only consider
graphs of up to 40 nodes. We need to round the current fractional solution to
integer values in order to separate violated inequalities. Therefore we experi-
mented with different strategies and compared their performance against each
other.

— R1 We round every value that is greater than 1—e to one. All other variables
are mapped to zero. In our implementation, we used ¢ = 10710,

— RO05 Every variable with a value greater or equal than 0.5 is rounded to one.

— R0208 If the value of a variable is less than 0.2 or greater than 0.8 it is
mapped to zero or one, respectively. In the interval [0.2, 0.8] a coin flip
decides if we round to zero or one.

It turns out that RI performs best on average and is therefore presented in
the following figures. While this strategy often leads to constraints that are
already satisfied by the current fractional solution, the generated cuts are usually
stronger.

Figure [B] shows the percentage of graphs that could be solved within a time
limit of five minutes on an Intel Pentium 4 with 2.4 GHz and 1 GB of main mem-
ory. As expected, the difference between our implementation for cr(G) (crossing
number) and crs(G) (simple crossing number) grows with the size of the graphs.
The smaller number of variables needed for the computation of crs(G) (where
we do not need edge decomposition) leads to a significantly higher number of
instances that could be solved within the time limit. While the percentage of

Percentage of solved Instances
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[mcrs 100 99,24
l=cr 100 98,85
Class (Number of Nodes)

Fig. 3. Percentage of graphs solved by our exact algorithm for graphs on up to 40
nodes with (CR) and without (CRS) supporting multiple crossings per edge
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Table 1. The computation time strongly depends on the number of crossings. The
values K, tcrs, and t.; denote the number of crossings and the average computation
time to compute the (simple) crossing-minimal drawings.

K t_CI‘ t_CI‘S
1 0.16s 0.16s
2 6.40s 0.79s
3 52.90s 8.20s
4 155.05s 31.57s

graphs with 40 nodes where we can compute cr(G) within the time limit goes
down to about 65%, we can still compute crs(G) for about 80% of these instances.

Table[Ilshows the average computation time for instances that could be solved
within five minutes by all of the considered rounding strategies. The required
time to solve a particular instance strongly depends on its crossing number, as
the table illustrates.

Clearly we are interested in the quality of our results in comparison to heuris-
tic approaches. For the computation of heuristic values we used the planarization
approach. Gutwenger and Mutzel presented an extensive computational study
of crossing minimization heuristics [9]. The authors investigate the effects of var-
ious methods for the computation of a maximal planar subgraph and different
edge re-insertion strategies for the planarization approach. Furthermore, they
study the impact of post-processing heuristics.

Average Improvement in Comparison to heuristic Results

25

EBASIC
EIBEST

20

Percentage

T T
10-15 16-20 21-25 26-30 31-35 35-40
Class (Number of Nodes)

Fig. 4. Comparison between heuristic results and the crossing numbers computed with
our exact algorithm
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Figure @l shows the average improvement in percent that could be achieved in
comparison to the basic planarization approach (BASIC) and the improved ver-
sion (BEST), for different classes of graphs. To highlight the improvements, we
only considered graphs that could be solved to optimality within the time limit.
We can clearly improve the heuristic results for the basic approach, even for the
relatively small instances considered in our computational study. Even compared
to the best known heuristic methods we achieve a notable improvement for some
larger instances. The average improvement over the whole considered benchmark
set is about 19.6% for the basic heuristic and 4.1% for the best known strategy.

5 Conclusion and Future Work

In this paper, we have presented the first algorithm that is able to compute
the crossing number for sparse graphs of moderate size. We achieved this by
combining a new integer linear programming formulation for the problem with
sophisticated problem reduction techniques and the best known heuristics for the
problem. Our implementation of the algorithm is able to compute the crossing
number for 91 percent of all graphs on up to 40 vertices in a popular benchmark
set of graphs within five minutes.

One way of improving the performance of the approach would be to use
column generation for subdividing edges. As our computational results have
shown, the problem is much easier to solve for simple drawings than for non-
simple drawings. If we found a way of testing efficiently if subdividing a certain
edge, and thus allowing more crossings on it, would decrease the overall number
of crossings, we could expect to be able to solve much larger problem instances.

Another way forward is studying the polyhedron defined by the set of realiz-
able crossing vectors. By adding new constraints that exclude fractional solutions
that are not excluded by our current constraints we should be able to compute
the crossing number for larger graphs with more crossings.
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Abstract. Consider a planar drawing I" of a planar graph G such
that the vertices are drawn as small circles and the edges are drawn
as thin strips. Consider a cycle ¢ of G. Is it possible to draw ¢ as a non-
intersecting closed curve inside I", following the circles that correspond in
I to the vertices of ¢ and the strips that connect them? We show that this
test can be done in polynomial time and study this problem in the frame-
work of clustered planarity for highly non-connected clustered graphs.

1 Introduction

Let I" be a planar drawing of a planar graph G and ¢ be a cycle composed of
vertices and edges of G. We deal with the problem of testing if ¢ can be drawn
on I" without crossings.

Of course, if the vertices of G are drawn as points, the edges as simple curves,
and the drawing of ¢ must coincide with the drawing of its vertices and edges,
then the problem is trivial. In this case ¢ can be drawn without crossings if and
only if it is simple.

We consider the problem from a different point of view. Namely, we suppose
that the vertices of G are drawn in I" as “small circles” and the edges as “thin
strips”. Hence, ¢ can pass several times through a vertex or through an edge
without crossing itself. In this case even a non-simple cycle can have a chance
to be drawn without crossings.

The problem, in our opinion, is interesting in itself. However, we study it
because of its meaning in the field of clustered planarity [111,[10].

Clustered planarity is a classical Graph Drawing topic (see [] for a survey).
A cluster of a graph is a non empty subset of its vertices. A clustered graph
C(G,T) is a graph G plus a rooted tree T such that the leaves of T are the
vertices of G. Each node v of T corresponds to the cluster V(v) of G whose
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vertices are the leaves of the subtree rooted at v. The subgraph of G induced by
V(v) is denoted as G(v). An edge e between a vertex of V(v) and a vertex of
V —V(v) is incident to v. Graph G and tree T are called underlying graph and
inclusion tree, respectively. A clustered graph is connected if for each node v of
T we have that G(v) is connected.

In a drawing of a clustered graph vertices and edges of G are drawn as points
and curves as usual [§], and each node v of T is a simple closed region R(v) such
that: (i) R(v) contains the drawing of G(v); (ii) R(v) contains a region R(u) if
and only if p is a descendant of v in T; and (iii) any two regions R(v1) and R(v2)
do not intersect if v1 is not a descendant or an ancestor of v5. Consider an edge
e and a node v of T If e is incident on v and e crosses the boundary of R(v)
more than once, we say that edge e and region R(v) have an edge-region crossing.
Also, edge e and region R(v) have an edge-region crossing if e is not incident
on v and e crosses the boundary of R(v). A drawing of a clustered graph is c-
planar if it does not have edge crossings and edge-region crossings. A clustered
graph is c-planar if it has a c-planar drawing. C-planarity testing algorithms for
connected clustered graphs are shown in [I3L[TIL[6]. A planarization algorithm
for connected clustered graph is shown in [7].

However, the complexity of the c-planarity testing for a non connected clus-
tered graph is still unknown. A contribution on this topic has been given by
Gutwenger et al. who presented a polynomial time algorithm for c-planarity
testing for almost connected clustered graphs [12].

Another contribution studying the interplay between c-planarity and connec-
tivity has been presented in [3] by Cornelsen and Wagner. They show that a
completely connected clustered graph is c-planar if and only if its underlying
graph is planar. A completely connected clustered graph is so that not only each
cluster is connected but also its complement is connected.

A clustered graph C(G,T) is flat if all the leaves of T' have distance two from
the root. This implies that all the non-root clusters have depth 1 in T'. Hence, in
a flat clustered graph C(G,T) a graph of the clusters G'(C) can be identified.
Vertices of G1(C) are the children of the root of T' and an edge (u,v) exists if
and only if an edge of G exists incident to both p and v.

Flat clustered graphs offer a way to deepen our insight into the properties
of non-connected c-planar clustered graphs. In fact, by changing the families of
the graphs G and G'(C), c-planarity problems of increasing complexity can be
identified. The works in [2,[T] by Biedl, Kaufmann, and Mutzel can be interpreted
as a linear time c-planarity test for non connected flat clustered graphs with
exactly two clusters.

A clustered cycle is a flat clustered graph whose underlying graph is a cycle.
In [5] it is shown that for a clustered cycle C(G,T) where G'(C) is also a cycle,
the c-planarity testing and embedding problem can be solved in linear time.

A rigid clustered cycle is a clustered cycle C' in which G'(C) has a prescribed
planar embedding. In this paper we tackle the c-planarity testing and embedding
problem for rigid clustered cycles. Namely, consider again the problem stated at
the beginning of this section according to the above definitions. The cycle is
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the underlying graph of a flat clustered graph and the nodes of the graph are
the clusters. If you are able to find a drawing of the cycle without intersections
you are also able to find a c-planar embedding for the rigid clustered cycle and
vice versa.

In this paper we present the following results. We develop a new theory for
dealing with rigid clustered cycles, based on operations that preserve their c-
planarity (Section B]). We show that the c-planarity of a rigid clustered cycle
can be tested in polynomial time (Section H). As a side effect we also solve
in polynomial time the cycle drawing problem stated at the beginning of the
section. If the rigid clustered cycle is c-planar we also show a simple method
for computing a planar embedding of it (Section [Bl). Section 2 contains basic
definitions, while conclusions and open problems are in Section [6l

2 Basic Definitions

We assume familiarity with connectivity and planarity of graphs [9L[8].

In the following we need a slightly wider definition of clustered cycle in which
G1(0) is allowed to have multiple edges between two nodes. We define a clustered
cycle C(G,GY, @y, Pp), where G is a graph, possibly with multiple edges, G is
a cycle, @y maps each vertex of G to a vertex of G', and &z maps each edge
of G between vertices vy € p; and vy € o, where 1 # piz, to an edge of G*
between vertices p; and po.

In the following, to avoid ambiguities, we denote G as G*(C), its edges will
be called pipes while its vertices will be called nodes or clusters.

Given a cluster u € G1(C'), we denote by deg(u1) the number of pipes that are
adjacent to p in G1(C), where multiple pipes count for their multiplicity. The
size of a pipe of G1(C) is the number of edges of G it contains.

It is easy to see that a path in G whose vertices belong to the same cluster
can be collapsed into a single vertex without affecting the c-planarity property
of the clustered cycle. Hence, in the following we consider only clustered cycles
where consecutive vertices belong to distinct clusters. We call cusp a vertex v of
G whose incident edges e; and es are such that @g(e1) = Pr(ea).

Given a rigid clustered cycle C the embedding A of C' is the specification, for
each pipe a in G!(C) and for each end node p of a, of the total ordering A, (a)
of the edges contained in a when turning around p clockwise. An embedding of
a clustered cycle is c-planar if there exists a planar drawing of C' that respects
such embedding. If an embedding is c-planar, for each pipe a = (u, ), we have
that \,(a) = A\, (a), where ), (a) denotes the reverse of A, (a).

3 Fountain Clusters

Consider a clustered cycle C' and one of its clusters u = {v1,...,v,}. For each
v; let w; and z; be its neighbors. Cluster p is a fountain cluster if there exists a
cluster v different from p such that for each v; we have that w; € v or z; € v (see
Fig. [ for an example). We call base of i the pipe of G*(C) between u and v.
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¥

Fig.1. A fountain cluster

A fountain clustered cycle is a clustered cycle in which each cluster is a foun-
tain cluster.

Let p be a fountain cluster and let b be a base of . The following properties
hold:

Property 1. Cluster p has a second base b’ # b if and only if deg(u) = 2 and no
cusps belongs to p. Otherwise p has a single base.

Property 2. The edges incident to a cusp v of u belong to b.

Property 3. Let a be a pipe incident to p. If a is also a base for u then size(a) =
size(b), otherwise size(a) < size(b).

3.1 Cluster Expansion

Given a cluster p of C, we call cluster expansion of p the following operation
(see Fig. ), that produces the clustered cycle C”.

Let ay,...,a be the pipes incident to p, where k = deg(u). Let v a vertex
belonging to u, and let e; and e; be the edges incident to v, where e; € a; and
e; € ay, respectively. Note that if v is a cusp, then a; = a;.

Cluster p is replaced in C” with k new clusters p, ... g, each one incident
to pipes a1, ..., ay, respectively. All the other clusters of C' are unchanged in C’.
Each non-cusp vertex v in p having edges e; € a; and e; € a; is represented in
C’ by two new vertices v’ and v”, with &y (v') = p; and Py (v”") = p;. A new
pipe (i, ;) is inserted (if not already present) and a new edge (v’,v") is added
such that @5 (v, v"”) = (u;, ). Each cusp vertex v having its edges in pipe a;
stays unchanged in C’, and belongs to cluster p;.

Note that a cluster u; produced by the cluster expansion is a fountain cluster
with base a;. Hence, after one expansion the number of non-fountain clusters of
C" is not greater than the number of non-fountain clusters of C. Also, before
applying the cluster expansion, p could be the end node of multiple pipes. After
the cluster expansion these multiple pipes are eliminated.
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Fig. 2. An example of cluster expansion: (a) A non-fountain cluster p. (b) The result
of the cluster expansion.

Up to now, the expansion operation has been defined whithout considering
the embedding of C' and C’. If C' is embedded (rigid) it is easy to extend the
definition of cluster expansion considering also embedding issues. Namely, we
embed the new pipes around the new nodes with the same order the old edges
had in C. Note that, even if the starting embedding is planar, the resulting
embedding may be not planar due to the new pipes inserted among the clusters
K1y M-

Given a rigid clustered cycle C, a cluster expansion of one of its clusters p is
feasible if the embedding induced on G*(C’) is planar, that is, if C’ is a rigid
clustered cycle.

Lemma 1. Given a rigid clustered cycle C, if a cluster expansion of one of its
clusters u is not feasible, then C is not c-planar.

Proof. If the cluster expansion of u is not feasible, then the induced embedding
on G'(C") contains a crossing, that is, it contains two pipes (i, pr) and (pj, 1),
with ¢ < j < h < [. This implies that there exist two paths of G, one traversing
clusters v;, p1, v, and the other traversing v;, u, ;. Since the embedding of p is
fixed, this two paths cannot be drawn without intersections. O

A cluster expansion operation on a clustered cycle C is done performing a
cluster expansion for each non-fountain cluster of C'. A cluster expansion of a
rigid clustered cycle is feasible if all the required cluster expansions are feasible,
that is if the result is a rigid clustered cycle.

Property 4. The cluster expansion of a clustered cycle produces a fountain clus-
tered cycle.
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Lemma 2. Let C be a rigid clustered cycle and let pu be a cluster of C. Let C’
be the result of a feasible cluster expansion applied to p. C is c-planar iff C' is
c-planar.

Proof sketch. Suppose that C'is c-planar, and let I" be a c-planar embedding of C'.
A c-planar embedding I"" of C” can be computed as follows. For each pipe that is
present both in C and in €’ including pipes ay, ..., ax incident to u, we assume
that the order of edges in I is the same as in I". The order of the edges inside
the pipes added among nodes 1, ..., pui is determined by the their order in the
bases a1, ..., ax. Hence, the c-planarity of I follows from the c-planarity of I".

Suppose now that C’ is c-planar, and let I be a c-planar embedding of C”.
A c-planar embedding I" of C' can directly obtained from I". Since all pipes of
C are also present in C’, the order of their edges can be assumed to be the same
as in I"". Consider edge e of pipe (s, ;) in I". The path e;, e, e; of I'V, where
e; € a; and e; € a; corresponds to path e;, e; in I'. Hence, the c-planarity of I
implies the c-planarity of I". a

By repeatedly applying Lemma [2l we have:

Lemma 3. Let C be a rigid clustered cycle and let C' be a feasible cluster ex-
pansion of C. C is c-planar iff C' is c-planar.

3.2 Pipe Contraction

We call a pipe b between two fountain clusters p and v contractible if (i) b is the
only pipe between p and v, (ii) b is a base for both p and v, and (iii) b is the
only base for one of them.

We define the pipe contraction operation on a contractible pipe b as follows.
The pipe contraction produces a clustered cycle C' starting from a clustered
cycle C by replacing u, v, and b, with a new cluster p’, which is adjacent to all
the clusters which p and v were adjacent to.

If ;1 and v were adjacent to the same cluster p, p’ is doubly adjacent to p;
that is, the pipe contraction may introduce multiple pipes incident to p’'.

Each edge e;, entering u or v belongs to a path pc = e, v,e1,v1,...,¢€
Uk, €out, Where e,y is the first edge exiting p or v and Pg(e;) =b,i=1,...,
Since b is a base for both pu and v, £k > 1. Path p¢c is replaced by per
€in,s Uy, €out, With Py (v,) = p'.

An example of pipe contraction is shown in Fig. Bl Note that the new cluster
i/ is, in general, not a fountain cluster. If C' has a prescribed embedding we
assume that the result has also a prescribed embedding in which the circular
order of the pipes around p’ is the same as the circular order they have in C
around the subgraph composed of yu, v, and b.

ks
k.

Lemma 4. Let C be a fountain clustered cycle and C' be obtained from C by
applying a pipe contraction operation. C is c-planar iff C' is c-planar.

Proof sketch. Suppose that C' is c-planar, let I" be a c-planar drawing of C', we
show how to build a c-planar drawing I"” of C by slighly modifying I". Namely,



On Embedding a Cycle in a Plane Graph 55
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(a) (b)

Fig. 3. An example of pipe contraction: (a) pipe b before contraction; (b) The result
of the contraction of b

region R(y') is the union of R(p), R(v), and the stripe corresponding to b.
(Observe that R(y') is connected.) Each path po = e, v,€1,v1,. .., €k, Uk, €out
of C, with ®g(e;) = b, is replaced by pcr = €in,Vy, €out, Where v, replaces v,
and all vertices v;, with ¢ = 1,...  k, are removed joining their incident edges. It
is easy to see that the obtained drawing is a c-planar drawing of C”.

Suppose now that C” is c-planar, and let I be a c-planar drawing of C’. We
provide a c-planar drawing I' of C by suitably modifying I'". We take region
R(u) = R(w'). Observe that in I all the pipes that were incident to v are
consecutively attached to the border of R(u'). Hence, it is possible to add two
arbitrarily thin stripes, corresponding to b and R(v), respectively, along the
border of R(p') in such a way to intersect those pipes only (see Fig[lb).

Now, consider the edges entering R(u') that were incident to u before contrac-
tion in counterclockwise order. Let e;,, be the current edge and pcr = e, vy, €out

pev,ﬁc'\{/

(a)

Fig.4. A drawing I of C’ (a) and the corresponding drawing I" of C' (b)
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be the path of C’ that replaced pc = €in,v,€1,01,. .., €k, Vk, €out- (Remember
that k > 1.) If k = 1, it is easy to obtain a drawing of pc = ein, v, €1, V1, €out
starting from the drawing of pcr = €in, vy, €our by replacing v, with v and

splitting ey With a vertex vy in such a way that vy is into R(u) (see paths pt,
and pg, of Fig @ for an example).

Analogously, if k is odd (eyy+ was incident to v) it is possible to draw pc =
€in,V,€1,V1,. .., €k, Uk, Eoyt i & thin stripe along the drawing of pcr = €4, vy,
eout (see paths p and p'? of Fig @l for an example). If k is even, then both e,
and eqy; were incident to p in C. In this case the drawing of por = €in, U, €out
does not immidiately provide a drawing of pc = ein,v,e1,v1,..., €k, Uk, Cout,
which can be built as follows. Vertex v is placed into R(u) as edge e;, crosses the
border of R(u). Edge eq follows clockwise the border of R(y) till the previous edge
e}, entering R(u) is found (or R(v) is reached). Since edges e;,, are considered in
counterclockwise order and since b was a base for both p and v, path pg, starting
with edge e},,, always has vertex v into R(u) and v{ into R(v). Therefore, edge
e1 can be drawn arbitrarily near to path p;, and can be terminated with v;
placed into R(v). Edges e;, with ¢ = 2,..., k, can be drawn in an arbitrarily thin
stripe adjacent to eq, positioning v; alternately into R(x) and R(v). Finally, edge
eout can follow path pcor to exit R(v) (see paths pg™ and pZe" of Fig @ for an
example). O

4 C-Planarity Testing of Clustered Cycles

In this section we describe a c-planarity testing algorithm for rigid clustered cy-
cles. The following lemmas state properties of clustered cycles which are needed
to prove the correctness of the algorithm.

Lemma 5. LetC be a fountain clustered cycle such that G*(C) is not a simple cycle
and has not multiple pipes. There exists at least one contractible pipe b* in G*(C).

Proof sketch. Consider a pipe b = (u, ) of maximum size. Since b is the pipe of
maximum size for both p and v, by Property B b is the base for both. If one
between p and v (say p) has degree different from two then, by Property [l u
admits a single base and the statement holds with b* = b. Otherwise, suppose
that both p and v have degree two and that both have two bases. Let b; be
the second base of p. Due to Property B size(by) = size(b). Therefore by is
also a base for its incident cluster p; # w. If by is the only base for u; then
the statement holds with b* = b1, otherwise p; has a second base by # by, with
size(by) = size(b1), and we apply the same argument to by. Since G1(C) is not
a simple cycle the current pipe b; is different from b and there exists at least a
J for which b; is the only base for p;. a

We introduce a quantity that will be used to analyze the algorithm both in
terms of correctness and in terms of time complexity. Intuitively, it is an indicator
of the structural complexity of G*(C). We denote by £(C) the following quantity:
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£C) = > (size(a))?.

a€{pipes of G1(C)}

We now concentrate on a pair of consecutive contraction-expansion operations
and show how & changes.

Lemma 6. Let C be a fountain clustered cycle and let b = (u,v) be a contractible
pipe which is the only base for u. Let C* be the clustered cycle obtained by
applying a pipe contraction to b followed by a cluster expansion of the obtained
cluster p'. We have that E(C*) < £(C).

Proof. Let C" be the clustered cycle generated by the pipe contraction applied
to b. C' contains all the pipes of C' with the exception of b, then £(C') =
E(C) — (size(b))?. Clustered cycle C* has the same pipes of C’ plus a set of
new pipes ai,...,ax. If k = 0 then £(C*) = £(C") < &E(C). If k = 1 then
deg(p') = deg(p) = deg(v) = 2. Since b is the only base for p by Proper-
ties [[l and 2, b contains edges incident to cusps which are not present in aj.
Therefore £(C*) < £(C). Suppose k > 2. We have that £(C*) = &(C") +
E?Zl(size(aj))2 =£(C)— (size(b))2—I—Z?:l(size(aj))Q. Observe that each edge
contained in the pipes a1, ..., ay is generated by the split of a vertex in y/, and
that the number of vertices in y' is at most size(b). Then, Z?Zl size(aj) <

size(b). Hence, ng?zl(sz'ze(otk))2 < (size(b))?, and the statement follows. |

Lemma 7. A clustered cycle C whose graph of the clusters G(C) is a path is
c-planar.

Proof sketch. Let ji1, ..., i, be the nodes of G*(C) in the order in which they
appear in the path. A planar embedding of C' can be built as follows. Traverse the
cycle G starting from a vertex in p;. Each edge e belonging to pipe a = (u;, 45)
is inserted at the last position of A, (a) and at the first position of A, (a). When
the path comes back to pp for the last time it can be connected to the starting
point preserving c-planarity. O

We are now ready to introduce the c-planarity testing algorithm for a rigid
clustered cycle C'. First, the algorithm performs a cluster expansion for each
non-fountain cluster. If one of such expansions is not feasible, then, according
to Lemma [Tl C is not c-planar. If all the expansions are feasible, according to
Property @, we obtain a fountain clustered cycle C¥, which is c-planar iff C' is
c-planar. If the clusters of C7 form a cycle, then the c-planarity can be easily
tested using the results described in [5]. If G}(CY) is a path, then Lemma [7]
states that C/ is c-planar. If the clusters of C/ form neither a cycle nor a path,
then Lemma[Blensures that there exists a contractible pipe b* = (u, v). Perform a
contraction operation on b*. Perform a cluster expansion on the resulting cluster.
These last two steps are performed until the clusters of the clustered cycle form
a cycle, or a path, or a cluster expansion fails. Note that a pipe contraction may
temporarily generate multiple pipes; however, the subsequent cluster expansion
produces a new clustered cycle which has no multiple pipes. The algorithm,
called ClusteredCyclePlanarityTesting, is formally described below.
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Algorithm ClusteredCyclePlanarityTesting

input A rigid clustered cycle C
output True if C is c-planar, false otherwise

for all non-fountain clusters p in C' do
perform a cluster expansion of u
if the cluster expansion of p is not feasible then
return false
end if
end for
{at this point C' is a fountain clustered cycle}
while C' is not a cycle or a path do
let b be a contractible pipe of C'
apply a pipe contraction to b, obtaining cluster p’'.
perform a cluster expansion of '
if the cluster expansion of i’ is not feasible then
return false
end if
end while
{at this point C' is a cycle or a path}
if C is a cycle then
return the result of the c-planarity testing on C
else
return true
end if

Theorem 1. There exists a polynomial time algorithm to test if a rigid clustered
cycle is c-planar.

Proof. First, we prove that algorithm ClusteredCyclePlanarityTesting can be
always executed in a polynomial number of steps. Let C' be a rigid clustered
cycle whose underlying cycle is G and be n the number of vertices of G. In the
first phase of the algorithm a cluster expansion is performed for all the non-
fountain clusters. Each cluster expansion can be performed in polynomial time.
At the end of this phase the number of vertices is at most 2n. Suppose that E
is the value of £(C) at the end of this phase. We have that E = O(n?).

By Lemma [0 each pair of pipe contraction and cluster expansion decreases
E(C) of at least one unit. Hence, the body of the while cycle is executed at
most E times. Also, a contractible pipe always exists (see Lemma [§) and can
be determined in constant time using a suitable data structure that contains
the candidate bases and that is updated after each operation. This proves that
algorithm ClusteredCyclePlanarity Testing terminates in polynomial time.

Second, we prove that algorithm ClusteredCyclePlanarityTesting gives the
correct result. Lemmas [2 Bl and @] guarantee that the cluster expansion and
pipe contraction operations can be applied without modifying the c-planarity
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property of the graph, while if a cluster expansion is not feasible the graph is
not c-planar. If none of the cluster expansions fails, either the algorithm produces
a k-cluster cycle and applies the c-planarity testing algorithm shown in [5], or
produces a clustered path, which by Lemma [7is always c-planar. Also, (see the
above discussion) the algorithm always terminates. a

5 Computing C-Planar Embeddings of Clustered Cycles

In this section we show how to build an embedding for a c-planar rigid clustered
cycle. We assume that Algorithm ClusteredCyclePlanarity Testing, described in
Section [ has been applied, and that each step of the algorithm has been
recorded. The clustered cycle C.,q obtained at the last step of the execution
of that algorithm is such that G*(Ce,q) is a cycle or a path. A c-planar em-
bedding of Cenq can be easily computed by using the results described in [5],
if G1(Cena) is a cycle, or by using the technique introduced in the proof of
Lemma [T if G*(Cppq) is a path.

The embedding of the input clustered cycle can be obtained by going through
the transformations operated by Algorithm ClusteredCyclePlanarityTesting in
reverse order starting from a c-planar embedding of C.,q4. Algorithm Clustered-
CyclePlanarityTesting performs two kind of operations: pipe contraction and
cluster expansion.

For each cluster expansion on a clustered cycle C, which produces a cluster
cycle C’, the embedding of C is directly obtained from the embedding of C’ as
described in the proof of Lemma [2] since all pipes in C’ are also in C' and their
embedding do not change.

For each pipe contraction on a clustered cycle C, which produces a cluster
cycle C’, only part of the embedding of C' can be directly obtained from the
embedding of C’ since C has one more pipe (the contracted one) with respect
to C’. The proof of Lemma @ describes how to compute a c-planar embedding
of C starting from a c-planar embedding of C”.

From the above discussion and from the fact that ClusteredCyclePlanari-
tyTesting has a polynomial time complexity we can state the following result.

Theorem 2. Given a c-planar rigid clustered cycle, a c-planar embedding of it
can be computed in polynomial time.

6 Conclusions

In this paper we addressed the problem of drawing, without crossings, a cycle
in a planar embedded graph and have shown that the problem can be solved in
polynomial time.

If we interpret the problem and the result from the clustered planarity per-
spective it turns out that we have identified a new family of flat clustered graphs
that are highly non-connected and whose c-planarity can be tested in polynomial
time. This might be useful for deepening the insight into the general problem of
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testing the c-planarity of non-connected clustered graphs, whose computational
complexity is still unknown.

However, we point out that a trivial generalization of the result to flat clus-

tered graphs whose underlying graph is a general graph fails. In fact, it is easily
to find clustered graphs which are not c-planar while all cycles of their underlying
graphs are separately c-planar.
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Abstract. Let G = (V, E) be a plane triangulated graph where each
vertex is assigned a positive weight. A rectilinear dual of G is a partition
of a rectangle into |V| simple rectilinear regions, one for each vertex, such
that two regions are adjacent if and only if the corresponding vertices
are connected by an edge in E. A rectilinear dual is called a cartogram
if the area of each region is equal to the weight of the corresponding
vertex. We show that every vertex-weighted plane triangulated graph G
admits a cartogram of constant complexity, that is, a cartogram where
the number of vertices of each region is constant.

1 Introduction

Motivation. Cartographers have developed many different techniques to visu-
alize statistical data about a set of regions like countries, states or counties.
Cartograms are among the most well known and widely used of these tech-
niques. The regions of a cartogram are deformed such that the area of a region
corresponds to a particular geographic variable [4]. The most common variable
is population: In a population cartogram, the areas of the regions are propor-
tional to their population. There are several types of cartograms. Of particular
relevance for this paper are the rectangular cartograms introduced by Raisz in
1934 [12], where each region is represented by a rectangle. This has the advan-
tage that the areas (and thereby the associated values) of the regions can be
easily estimated by visual inspection.

Whether a cartogram is good is determined by several factors. In this paper
we focus on two important criteria, namely the correct adjacencies of the regions
of the cartogram and the cartographic error [B]. The first criterion requires that
the dual graph of the cartogram is the same as the dual graph of the original
map. Here the dual graph of a map—also referred to as adjacency graph—is the
graph that has one node per region and connects two regions if they are adjacent,
where two regions are considered to be adjacent if they share a 1-dimensional
part of their boundaries (see Fig. [[). The second criterion, the cartographic
error, is defined for each region as |A, — A4| /As, where A, is the area of the
region in the cartogram and A; is the specified area of that region, given by the
geographic variable to be shown.

* Supported by the Netherlands’ Organisation for Scientific Research (NWO) under
project no. 639.023.301.

P. Healy and N.S. Nikolov (Eds.): GD 2005, LNCS 3843, pp. 61-{72] 2005.
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Fig. 1. The provinces of the Netherlands, their adjacency graph, a population carto-
gram—here additional “sea rectangles” were added to preserve the outer shape

From a graph-theoretic point of view constructing rectangular cartograms
with correct adjacencies and zero cartographic error translates to the following
problem. We are given a plane graph G = (V, E) (the dual graph of the original
map) and a positive weight for each vertex (the required area of the region for
that vertex). Then we want to construct a partition of a rectangle into rect-
angular regions whose dual graph is G—such a partition is called a rectangular
dual of G—and where the area of each region is the weight of the corresponding
vertex. As usual, we assume the input graph G is plane and triangulated, except
possibly the outer face; this means that the original map did not have four or
more countries whose boundaries share a common point and that G does not
have degree-2 nodes/}

Unfortunately not every vertex-weighted plane triangulated graph admits a
rectangular cartogram, even if we ignore the vertex weights and concentrate
only on the correct adjacencies. There are several possibilities to address this
problem. One is to relax the strict requirements on the adjacencies and areas.
For example, Van Kreveld and Speckmann [I4] gave an algorithm that constructs
rectangular cartograms that in practice have only a small cartographic error and
mild disturbances of the adjacencies. Heilmann et al. [6] gave an algorithm that
always produces regions with the correct areas; unfortunately the adjacencies can
be disturbed badly. The other extreme is to ignore the area constraints and focus
only on getting the correct adjacencies—that is, to focus on rectangular duals
rather than cartograms. This setting is relevant for computing floor plans in VLSI
design. As mentioned above, ignoring the area constraints still does not guarantee
that a solution exists. But, if the input graph is a triangulated plane graph
without separating triangles—a separating triangle is a 3-cycle with vertices
both inside and outside the cycle—then a rectangular dual always exists [1L[8]
and can be computed in linear time [7].

Another option is to use different shapes for the regions. We restrict our
attention to so-called rectilinear cartograms, which use rectilinear polygons as
regions—see [I0,[4] for some examples from the cartography community. If we

! Degree-2 nodes can easily be handled using suitable pre- and postprocessing
steps [14].
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now ignore the area requirement then things become much better: Any plane tri-
angulated graph admits a rectilinear dual. In fact, Liao et al. [9] recently showed
that any plane triangulated graph admits a rectilinear dual with regions of small
complexity, namely rectangles, L-shapes, and T-shapes. The main questions now
are: Does any plane triangulated vertex-weighted graph admit a rectilinear car-
togram with zero cartographic error and correct adjacencies? And if so, can it
always be done with a constant number of vertices per region?

This problem was studied by Rahman et al. [I1] for a very special class of
graphs, namely a certain subclass of graphs that admit a sliceable dual—see
below. They showed that such graphs admit a rectilinear cartogram where every
region has at most 8 vertices. Biedl and Genc [2] showed that it is NP-hard to
decide if a rectilinear cartogram that uses regions with at most 8 vertices exists
for a given graph. Furthermore, a rectangular layout can be interpreted as a
plane, cubic graph. Thomassen showed [I3] that any such graph can be drawn
with straight (but not necessarily horizontal or vertical) edges such that every
bounded face has any prescribed area. These results leave the two questions
stated above still unanswered. Our paper answers them: We prove that any
plane triangulated vertex-weighted graph admits a rectilinear cartogram all of
whose regions have constant complexity. Before we describe our results in more
detail we first define the terminology we use more precisely.

Terminology. A layout L is a partition of a rectangle R into a finite set of
interior-disjoint regions. We consider only rectilinear layouts, where every region
is a simple rectilinear polygon whose sides are parallel to the edges of R. We
define the complexity of a rectilinear polygon as the total number of its vertices
and the complexity of a rectilinear layout as the maximum complexity of any
of its regions. A rectilinear layout is called rectangular if all its regions are
rectangles. Thus, a rectangular layout is a rectilinear layout of complexity 4.
Finally, a rectangular layout is called sliceable if it can be obtained by recursively
slicing a rectangle by horizontal and vertical lines, which we call slice lines. (In
computational geometry, such a recursive subdivision is called a (rectilinear)
binary space partition, or BSP for short.)

We denote the dual graph (also called connectivity graph) of a layout £ by
G(L). Given a graph G, a layout £ such that G = G(£) is called a dual layout (or
simply a dual) for G. The dual G(£) is unique for any layout £. Note that not
every graph G has a dual layout. If it does, then the dual layout is not necessarily
unique.

(2 ® @ @

LN
$op Phl| [leF| ool

@ @ @

Fig. 2. A graph G with a rectangular, rectilinear, and sliceable dual
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Every vertex v of a vertex-weighted graph G has a positive weight w(v) asso-
ciated with it. Given a vertex-weighted plane graph G that admits a dual £, we
say that L is a cartogram if the area of each region of L is equal to the weight of
the corresponding vertex of G. The cartogram is called rectangular (rectilinear,
sliceable) if the corresponding layout is rectangular (rectilinear, sliceable).

Results. In Section 2] we show how to construct a cartogram of complexity
12 for any vertex-weighted plane triangulated graph that has a sliceable dual.
We extend our results in Section ] to general vertex-weighted plane triangu-
lated graphs G. Specifically, if G admits a rectangular dual then we can con-
struct a cartogram of complexity at most 20, otherwise we can construct a car-
togram of complexity at most 60. In Section Fl we conclude with several open
problems.

2 Graphs That Admit a Sliceable Dual

Let G = (V, E) be a vertex-weighted plane triangulated graph with n vertices
that admits a sliceable dual. The exact characterization of such graphs is still
unknown, but Yeap and Sarrafzadeh [I5] proved that every triangulated plane
graph without separating triangles and without separating 4-cycles has a slice-
able dual. W.l.o.g. we assume that the vertex weights of G sum to 1, and that
the rectangle R that we want to partition is the unit square.

Let £1 be a sliceable dual for G. We scale and stretch £ such that it becomes
a partition of the unit square R. We will transform £ into a cartogram for G in
three steps. In the first step we transform £ into a layout Lo where every region
has the correct area. In doing so, however, we may loose some of the adjacencies,
that is, £2 may no longer be a dual layout for G. This is remedied in the second
step, where we transform Ly into a layout £3 whose dual is G. In this step we
re-introduce some errors in the areas. But these errors are small, and we can
remove them in the third step, which produces the final cartogram, £4. Below
we describe each of these steps in more detail.

Step 1: Setting the Areas Right

The first step is relatively easy. Recall that a sliceable layout is a recursive
partition of R into rectangles by vertical and horizontal slice lines. This recursive
partition can be modelled as a BSP tree 7. Each node v of 7 corresponds to a
rectangle R(v) C R and the interior nodes store a slice line ¢(v). The rectangles
R(v) are defined recursively, as follows. We have R(root(7)) = R. Furthermore,
R(leftchild(v)) = R(v) N ¢~ (v) and R(rightchild(v)) = R(v) N ¢+ (v), where
¢~ (v) and £*(v) denote the half-space to the left and right of £(v) (or, if £(v)
is horizontal, above and below ¢(v)). The rectangles R(v) corresponding to the
leaves are precisely the regions of the sliceable layout. See for example FigureBl—
the shaded rectangle corresponds to the shaded node. The BSP tree for a sliceable
layout is not necessarily unique, because different recursive partition processes
may lead to the same layout.
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Fig. 3. A graph G, the layout £1, and the BSP tree 7

The point where two or maximally three slice lines meet is called a junction
(point). We distinguish between T- and X-junctions. A T-junction involves two
slice lines while an X-junction involves three slice lines, two of which are aligned.

Now, let 7 be a BSP tree that models the sliceable layout £1. We will trans-
form £; into Lo by changing the coordinates of the slice lines used by 7 in a
top-down manner. We maintain the following invariant: When we arrive at a
node v in 7, the area of R(v) is equal to the sum of the required areas of the
regions represented by the leaves below v. Clearly this is true when we start the
procedure at the root of 7. Now assume that we arrive at a node v which stores
a slice line £(v). We simply sum up all the required areas in the left subtree of
v and adjust the position of the ¢(v) in the unique way that assigns the cor-
rect areas to R(leftchild(v)) and R(rightchild(v)). When we reach a leaf there is
nothing to do; the rectangle it represents now has the required area.

Step 2: Setting the Adjacencies Right
The movement of the slice lines in Step 1 may have changed the adjacencies
between the regions. To remedy this, we will use the BSP tree 7 again.

Before we start, we define two strips for each slice
line ¢(v). These strips are centered around ¢(v) and are
called the tail strip and the shift strip. The width of the
tail strip is 2¢, and the width of the shift strip is 26,,
where €, < 6, and ¢, and 6, are sufficiently small. The
exact values of ¢, and 8, will be specified in Step 3. At
this point it is relevant only that we can choose them
in such a way that the shift strips of two slice lines are
disjoint except when two slice lines meet.

We will make sure that the changes to the layout
in Step 2 all occur within the tail strips and that the
changes in Step 3 all occur within the shift strips. Due
to the choice of the §,’s all the junction points within
the shift strip will lie on the slice line £(v). Fig.4. The shift and

To restore the correct adjacencies, we traverse the tail strips for £;

BSP tree bottom-up. We maintain the invariant that
after handling a node v, all adjacencies between regions inside R(r) have been
restored. Now suppose that we reach a node v. The invariant tells us that all
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adjacencies inside R(leftchild(v)) and R(rightchild(»)) have been restored. It re-
mains to restore the correct adjacencies between regions on different sides of the
slice line £(v). We will describe how to restore the adjacencies for the case where
£(v) is vertical; horizontal slice lines are handled in a similar fashion, with the
roles of the z- and y-coordinates exchanged.

Let A1, As, ..., Ag be the set of regions inside R(v)
bordering 4(v) from the left, and let By, Ba,..., B
be the set of regions inside R(v) bordering ¢(v) from
the right. Both the A;’s and the B;’s are numbered
from top to bottom—see Figure Bl We write A; < A,
to indicate that A; is above Aj;; thus A; < A; if and
only if ¢ < j. The same notation is used for the B;’s.
Now consider the tail strip centered around ¢(v). All
slice lines ending on ¢(v) are straight lines within the
tail strip (and, in fact, even within the shift strip).
This is true before Step 2, but as we argue later, it is
still true when we start to process £(v).

In Step 1 (and when Step 2 was applied to Fig.5. Left and right
R(leftchild(v)) and R(rightchild(v))), the slice lines neighbors
separating the A;’s from each other and the slice lines
separating the B;’s from each other may have shifted, thus disturbing the adja-
cencies between the A;’s and B;’s. For each A;, we define top(4;) := By, if By
is the highest region (among the B,’s) adjacent to A; in the original layout £;.
Similarly, bottom(A;) is the lowest such region. This means that in £y, the re-
gion A; was adjacent to all B; with top(4;) < B; < bottom(A4;). We restore
these adjacencies for A; by adding at most two so-called tails to A;, as described
below. This is done from top to bottom: We first handle A;, then As, and so
on. During this process the slice line £(v) will be deformed—it will no longer be
a straight line, but it will become a rectilinear poly-line. However, the part of
£(v) bordering regions we still have to handle will be straight. More precisely,
we maintain the following invariant: When we start to handle a region A;, the
part of £(v) that lies below the bottom edge of top(A;) is straight and the right
borders of all A; = A; are collinear with that part of /.

Next we describe how A; is handled. There are two cases, which are not
mutually exclusive: Zero, one, or both of them may apply. When both cases
apply, we treat first (a) and then (b).

(a) If A; is not adjacent to top(4;) and top(A4;) is higher than A;, then we add
a tail from A; to top(4;). (If 4; is not adjacent to top(A;) and top(4;)
is lower than A;, then case (b) will automatically connect A; to top(A;).)
More precisely, we add a rectangle to the right of A; whose bottom edge
is collinear with the bottom edge of A; and whose top edge is contained in
the bottom edge of top(A;). The width of this rectangle is <. Moreover,
we shift the part of the slice line below top(4;) by - to the right. Observe
that this will make all the B; below top(A4;) smaller and all A; below A;
larger.
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Fig. 6. Both case (a) and case (b) apply

(b) If A; is not adjacent to bottom(A;) and bottom(A4;) is lower than A;, then
we also add a tail, as follows. (If A; was not adjacent to bottom(A;) and
bottom(A4;) was higher than A;, then necessarily case (a) has already been
treated and in fact A; is now adjacent to bottom(A;).) First, we shift the
part of the slice line below the top edge of bottom(A;) by < to the left.
Observe that this will enlarge bottom(A;) and all the B; below it, and make
all A; = A; smaller. Next, we add a rectangle of width - to A;, which con-
nects A; to bottom(A;). Its top edge is contained in the bottom edge of A;,
its right edge is collinear to A;’s right edge, and its bottom edge is contained
in the top edge of bottom(4;).

Note that every tail “ends” on some Bj, that is, no tail extends all the way to
the slice lines on which £(v) ends. This implies that

— no bends are introduced inside the shift strips of the two slice lines on which
£(v) ends (as we already claimed earlier).

— the bordering sequence (the sets of countries along each side of a slice line
and their order) of any other slice line remains unchanged.

— the bottom end of ¢(v) shifts only within the tail strip of £(v).

Lemma 1. The layout L3 obtained after Step 2 has the following properties:

(i) If two regions are adjacent in L1, then they are also adjacent in Ls.
(ii) The tails that are added when handling a slice line £ all lie within the tail
strip of £.
(iii) Each region gets at most three tails.

Proof.

(i) It follows from the construction that each region A, along a slice line ¢(v) has
the required adjacencies after £(v) has been handled. Hence, the construction
maintains the invariant that all adjacencies within R(v) are restored after
{(v) has been handled. Therefore, after the slice line that is stored at the
root of 7 is handled, all adjacencies have been restored.

(ii) A tail inside a tail strip of width 2¢, has width == and is always adjacent
to the current slice line. A slice line is shifted at most n — 2 times by .
Hence, the tails lie within the tail strip, as claimed.
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(iii) A region can get tails only when the slice line ¢, on its right and the slice
line /; along its top are handled. Since a region must be either the topmost
region along ¢, or the rightmost region along ¢; it can only get a double tail
along one of these slice lines. Thus each region receives at most 3 tails. Note
that since the tails along the same slice line are aligned, a region does not
get more than three concave vertices. a

Note that if G is triangulated then Lemma [ (i) implies that two regions in
L3 are adjacent if and only if they are adjacent in L£1: All required adjacencies
are present and in a plane triangulated graph there is no room for additional
adjacencies.

Step 3: Repairing the Areas

When we repaired the adjacencies in Step 2, we re-introduced some small errors
in the areas of the regions. We now set out to remedy this. In Step 2, the slice
lines actually became rectilinear poly-lines. These poly-lines, which we will keep
on calling slice lines for convenience, are monotone: A horizontal (resp. vertical)
line intersects any vertical (resp. horizontal) slice line in a single point, a segment,
or not at all. We will repair the areas by moving the slice lines in a top-down
manner, similar to Step 1. But because we do not want to loose any adjacencies
again, we have to be more careful in how we exactly move a slice line. This is
described next.

Assume that we wish to move a horizontal slice line £ = /,,; vertical slice lines
are treated in a similar manner. Let ¢; and ¢5 be the slice lines to the left and
to the right of ¢, that is, the slice lines on which ¢ ends. We define a so-called
container for £, denoted by C(£). The container C(¢) is a rectangle containing
most of ¢, as well as parts of the other slice lines ending on /. Instead of moving
the slice line ¢ we will move the container C'(¢) and its complete contents.

We first define the container C'(¢) more precisely. The top and bottom edge
of C(£) are contained in the boundary of the tail strip of £. The position of the
right edge of ¢ is determined by what happened at the junction between ¢ and
{9 when ¢ was processed during Step 2. Let A; and A;11 be the regions above
and below ¢ and bordering /.

(i) A; did not get a downward tail and A;11 did not get an upward tail.
In this case either there is no other junction on f5 within £’s shift strip, or
there is exactly one and it lies within £’s tail strip (see Fig. [(a)). If there
is a junction on f3 within ¢’s tail strip in the direction in which C(¢) should
be moved, then we set the right edge of the container C'(¢) at distance €, /n
from ¢5 (see Fig.[(b)). Otherwise, the right edge of the container is collinear
with the part of 5 lying within ¢’s shift strip (see Fig. [[|(c)).

(ii) A; got a downward tail or A;11 got an upward tail.
Note that in this case more tails may have entered the tail strip of ¢. For
example, if A;1; got an upward tail then some other regions below A;;q
possibly got an upward tail as well. In this case the right edge of C'(¢) will go
through the leftmost such tail edge—see Fig. Bl Figures [ and [I{0 illustrate
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Fig. 7. (a) £ and ¢2 form a T-junction; (b)  Fig.8. (a) A;+1 has an upward tail; (b)
C(¢) is moved up and there is a junction = moving C(¢) up; (c) moving C(¢) down
in its way; (c) C(¢) is moved down and

there is no junction in its way

Fig.9. (a) Ai+1 got an upward tail with Fig.10. (a) A;+1 got an upward tail of
its end inside £’s tail strip; (b) moving length 0; (b) moving C'(¢) up; (c) moving
C(¢) up; (c) moving C(¢) down C(¢) down

the case, when ¢ and /5 were involved in an X-junction in £;—hence A;11
could have a tail within £’s tail strip.

The position of the left edge of C'(¢) is determined in a similar fashion, the
details can be found in the full paper. Note that no matter what was going on on
the other sides of ¢; and ¢, the adjacencies are preserved when C(¢) is moved.

Recall that we are repairing the areas in a top-down manner. When we get to
slice line ¢, we need to make sure that the total area above /—or rather the total
area of the regions corresponding to the left subtree of the node corresponding to
¢ in the BSP tree—is correct. We do this by moving the container C'(¢). We will
show below that the error we have to repair is so small that it can be repaired by
moving C(¢) within the shift strip of £. The parts of the slice lines ending on ¢
that are inside the shift strip and outside the tail strip are all straight segments;
this follows from Lemmal[ll (ii). Hence, when we move C(¢) we can simply shrink
or stretch these segments, and the topology does not change. We first analyze
what happens to the complexity of the regions when we move the containers.

Lemma 2. After Step 3 a region gets at most 4 concave vertices in total.

Proof. We might only “bend” a slice line £, ending on slice lines ¢; and ¢5, when
moving its container C'(£). Thus we can introduce concave vertices to two regions
adjacent to ¢ and ¢; (f2), denoted above as B; and Bjy1 (A4; and A;yq1). It is
easy to verify—see Figures [[HIQthat a region can only get an extra concave



70 M. de Berg, E. Mumford, and B. Speckmann

vertex at the junction of ¢ and ¢ when the corner of the region did not yet get
a tail in Step 2. The same is true for the junction of ¢ and ¢;. Hence the total
number of concave vertices is bounded by four—at most one for each corner of
the region in £;. O

It remains to prove that we can choose the widths of the tail strip and shift
strip appropriately. The two properties that we require are as follows.

Requirement 1. The shift strips of slice lines do not intersect if the slice lines
do not intersect after Step 1.

Requirement 2. The shift strip of each slice line £ is wide enough so that,
when handling £ in Step 3, moving the container C(€) can repair the areas while
staying within the shift strip.

For the first requirement it is sufficient to take the width of the shift strip to
be smaller than A/2, where A := min(A,, Ay) and A, (4,) is the minimum
difference between any two distinct z-coordinates (y-coordinates) of the vertical
(horizontal) slice lines after Step 1.

As for the second requirement, we provide a very rough estimate of the values
for the width of the shift and tails strips, just to show that suitable values exist.
Number the slice lines /1, ...#,_1 in the same order in which we handle them.
(For example, the slice line at the root of the BSP tree will be ¢;.)

Lemma 3. If the width of the shift strip of slice line £y is set to 6, == AJ4 -
(AL — A))/10)" " and the width of the tail strip is set to e, := 6y - A)2, for
1< k<n—1, then Requirementsl and[2 are fulfilled.

The proof of Lemma 3] can be found in the full version of the paper. We conclude
this section with the following theorem:

Theorem 1. Let G be a vertex-weighted plane triangulated graph that admits a
sliceable dual. Then G admits a cartogram of complexity at most 12.

3 General Graphs

In the previous section we described an algorithm to construct cartograms for
graphs that admit a sliceable dual. Next we consider more general graphs, namely
graphs that admit a rectangular dual and arbitrary triangulated plane graphs.
These more general classes of graphs are handled by adding an extra step before
the three steps described in the previous section.

We begin with graphs that admit a rectangular dual, that is, plane trian-
gulated graphs without separating triangles. Such a rectangular dual can be
constructed, for example, by the algorithm of Kant and He [7]. Let now G be
a plane triangulated graph without separating triangles and Ly a rectangular
dual of G. We construct a rectilinear BSP on L, that is, we recursively partition
Ly using horizontal or vertical splitting lines until each cell in the partitioning
intersects a single rectangle from Ly. This can be done in such a way that each
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rectangle in Lo is cut into at most four subrectangles [3]. The resulting layout
of these subrectangles, L1, is sliceable by construction.

We then assign weights to the subrectangles. If a rectangle in Ly representing
a vertex v of G was cut into k subrectangles in £; then each subrectangle is
assigned weight w(v)/k. (In practice it may be better to make the weight of
each subrectangle proportional to its area.) Next, we perform Step 1-3 of the
previous section on the layout £; with these weights. Each rectilinear region
in the layout £, obtained after Step 3 corresponds to a subrectangle in L.
Finally, we merge the regions corresponding to subrectangles coming from the
same rectangle in Lo—and, hence, from the same vertex of G—thus obtaining
a layout L5 with one region per vertex of G. The next lemma guarantees the
correctness of our approach, its proof can be found in the full paper.

Lemma 4. The algorithm described above produces a layout where each region
has the correct area and adjacencies.

It remains to analyze the complexity of the regions in the final layout. Of course
we can just multiply the bound from the previous section by four, since each
vertex in G is represented by four rectangles in £1. This results in a bound of 48.
The next lemma shows that things are not quite that bad, its proof can be found
in the full paper.

Lemma 5. The algorithm described above produces regions of complexity at
most 20.

The next theorem summarizes our result for graphs that admit a rectangular
dual.

Theorem 2. Let G be a vertex-weighted plane triangulated graph that admits a
rectangular dual, i.e., G has no separating triangles. Then G admits a cartogram
of complexity at most 20.

We now turn our attention to general plane triangulated graphs. As mentioned
earlier, Liao et al. [9] showed that any plane triangulated graph has a rectilinear
dual that uses L- and T-shapes—that is, regions of maximal complexity 8—in
addition to rectangles. We cut each region into at most three subrectangles and
then proceed as in the previous case: We cut the collection of subrectangle with
a BSP to obtain a sliceable layout L1, we assign weights to the rectangles in
L1, run Step 1-3, and merge regions belonging to the same vertex in G. This
immediately gives the following corollary.

Corollary 1. Any verter-weighted plane triangulated graph G admits a car-
togram of complexity at most 60.

4 Conclusions

We proved that every plane triangulated vertex-weighted graph admits a recti-
linear cartogram of constant complexity. Currently, however, our method is not
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practical. First of all, although the complexity of the cartogram is bounded by a
constant, it is rather high. So interesting open problems are to give an algorithm
that produces cartograms of smaller complexity and to give lower bounds on
the minimum complexity required to guarantee the existence of a cartogram. It
would also be useful to give an exact characterization of the graphs that admit
a sliceable dual, since the bound we obtain for such graphs is much better. A
second problem with our algorithm from a practical point of view is that the
tails we add to get the correct adjacencies can be quite thin. It would be nice to
see if it is possible to do with wider tails.
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Abstract. Let S be a set of horizontal line segments, or bars, in the
plane. We say that G is a bar visibility graph, and S its bar visibility rep-
resentation, if there exists a one-to-one correspondence between vertices
of G and bars in S, such that there is an edge between two vertices in G
if and only if there exists an unobstructed vertical line of sight between
their corresponding bars. If bars are allowed to see through each other,
the graphs representable in this way are precisely the interval graphs.
We consider representations in which bars are allowed to see through at
most k other bars. Since all bar visibility graphs are planar, we seek mea-
surements of closeness to planarity for bar k-visibility graphs. We obtain
an upper bound on the number of edges in a bar k-visibility graph. As
a consequence, we obtain an upper bound of 12 on the chromatic num-
ber of bar 1-visibility graphs, and a tight upper bound of 8 on the size
of the largest complete bar 1-visibility graph. We conjecture that bar
1-visibility graphs have thickness at most 2.

1 Introduction

Recent attention has been drawn to a variety of generalizations of bar visibility
graphs [213][6, 5781112, 14,15]. In this note, we report on a new generaliza-
tion of bar visibility graphs called bar k-visibility graphs, and discuss some of
their properties; complete details can be found in [4]. In what follows, we use
the standard graph theory terminology found in [9L17].

Let S be a set of disjoint horizontal line segments, or bars, in the plane. We
say that a graph G is a bar visibility graph, and S a bar visibility representation
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Fig. 1. The bar visibility representation shown is an e-visibility representation of G
and a strong visibility representation of H

of G, if there exists a one-to-one correspondence between vertices of G and bars
in S, such that there is an edge between two vertices x and y in G if and only if
there exists a vertical line segment L, called a line of sight, whose endpoints are
contained in X and Y, respectively, and which does not intersect any other bar
in S. [II213,18].

If each line of sight is required to be a rectangle of positive width, then S is
an e-visibility representation of G, and when each line of sight is a line segment,
then S is a strong visibility representation of G [16]. In general, these definitions
are not equivalent; K» 3 admits an e-visibility representation but not a strong
visibility representation, as shown in Figure [Il

Given a set of bars S in the plane, suppose that an endpoint of a bar B
and an endpoint of a bar C in S have the same z-coordinate. We elongate
one of these two bars so that their endpoints have distinct z-coordinates. If .S
is a strong visibility representation of a graph G, then we may perform this
elongation so that S is still a strong visibility representation of G. If S is an
e-visibility representation of GG, then we may perform this elongation so that .S
is an e-visibility representation of a new graph H with G C H. Since we are
interested in the maximum number of edges obtainable in a representation, we
may consider the graph H instead of the graph G. Repeating this process yields
a set of bars with pairwise distinct endpoint x-coordinates. For the remainder
of this paper, we assume that all bar visibility representations are of this form.

If a set of bars S has all endpoint xz-coordinates distinct, the graphs G and
H that have S as a strong bar visibility representation and an e-visibility repre-
sentation, respectively, are isomorphic. Hence without loss of generality, for the
remainder of the paper, all bar visibility representations are strong bar visibility
representations.

By contrast, suppose that S is a set of closed intervals on the real line. The
graph G is called an interval graph and S an interval representation of G if
there exists a one-to-one correspondence between vertices of G and intervals
in S, such that z and y are adjacent in G if and only if their corresponding
intervals intersect. Suppose we call a set S of horizontal bars in the plane an
x-ray-visibility representation if we allow sight lines to intersect arbitrarily many
bars in S. Then we can easily transform an z-ray-visibility representation into
an interval representation by vertically translating the bars in .S, and vice-versa.
Therefore G is an z-ray-visibility graph if and only if G is an interval graph.

Motivated by this correspondence, we define a bar k-visibility graph to be
a graph with a bar visibility representation in which a sight line between bars
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X and Y intersects at most k additional bars. As a first step on the road to
a characterization of bar k-visibility graphs, since all bar visibility graphs are
planar, we seek measurements of closeness to planarity for bar k-visibility graphs.

2 An Edge Bound for Bar 1-Visibility Graphs

Suppose G is a graph with n vertices, and S is a bar 1-visibility representation
of G. Since we consider S to be a strong visibility representation of G, without
loss of generality, we may assume that all endpoints of all bars in S have distinct
x-coordinates, and all bars in S have distinct y-coordinates.

It will be convenient to use four different labeling systems for the bars in
S. Label the bars 1;, 2;, ..., n; in increasing order of the z-coordinate of their
left endpoint. Label them 1,, 2,., ..., n, in decreasing order of the xz-coordinate
of their right endpoint. Label them 13, 25, ..., np in increasing order of their
y-coordinate. Finally, label them 1;, 2, ..., n; in decreasing order of their y-
coordinate. So the bar 1; has leftmost left endpoint, the bar 1, has rightmost
right endpoint, the bar 1, = n; is bottommost in the representation, and the bar
1; = ny is topmost in the representation. We use this notation for the remainder
of the paper.

Remark 1. Suppose S is a bar k-visibility representation of a graph G with n
vertices. We elongate the top and bottom bars of S to obtain a new bar k-
visibility representation S’ of a new graph G’, with the additional property that
1; =1, =1;and 1, = 2, = 2; in S’. The graph G’ has n vertices and contains G
as a subgraph. We may therefore assume that every edge-maximal bar k-visibility
graph has such a bar k-visibility representation.

Lemma 1. If G is a bar I-visibility graph with n > 4 vertices, then G has at
most 6n — 17 edges.

Proof. Suppose G is a graph with n vertices, and S is a bar 1-visibility repre-
sentation of G. We define the following correspondence between bars in S and
edges of G. Let U be the bar in S associated with vertex u. For every edge {u, v}
in G, let ¢({u,v}) be the vertical line segment from a point in U to a point in
V' whose z-coordinate is the infimum of x coordinates of lines of sight between
U and V. An edge {u,v} is called a left edge of U (respectively V) if £({u,v})
contains the left endpoint of U (respectively V). If £({u,v}) contains neither U
nor V’s left endpoint then it must contain the right endpoint of some bar B
(that blocks the 1-visibility of U from V from that point on). In this case, we
call {u,v} a right edge of B. Note that the right edges of B are not incident to
the vertex b of G corresponding to the bar B. Each bar B can have at most 4
left edges (two to bars above B in S and two to bars below B in S) and at most
2 right edges, as shown in Figure 2l

Counting both left and right edges, each bar in S is associated with at most
6 edges. So there are at most 6n edges in G. However, the bars 1;, 2;, 3;, and 4,
have at most 0, 1, 2, and 3 left edges, respectively. Similarly, the bars 1,., 2,., 3,,
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Fig. 2. The two right edges associated to bar B

and 4, have at most 0, 0, 0, and 1 right edges, respectively. Therefore there are
at most 4n — 10 left edges and at most 2n — 7 right edges, for a total of at most
6n — 17 edges in G. O

Theorem 1. If G is a bar I1-visibility graph with n > 5 vertices, then G has at
most 6n — 20 edges.

Proof. We improve the bound given in Lemma [I] by using a slightly more so-
phisticated technique. We follow the notation of Lemma [Tl

By Remark [Il the edge {1;,1;} will always be a left edge. Since the edge
associated with the right endpoint of the bar 4, can only be this edge, the bar
4, must have 0 right edges. So there are at most 2n — 8 right edges in G, and
6n — 18 edges in total. If G has exactly 6n — 18 edges, then bars 1;, 2;, 3;, and
4; must have at least 0, 1, 2, and 2 left edges, respectively.

Suppose that bar 4; has only two left edges. Then it does not have a line of
sight to bar 3;, which can happen only if 3; ends before 4; begins. Then 3; = n,.,
and 3; has 0 right edges. Therefore G has at most 6n — 20 edges. The only
remaining possibility is that bar 4; has exactly three left edges.

If S had at most 4n — 12 left edges, then S would have at most 6n — 20 edges
in total. The remaining possibilities are that S has either 4n — 11 or 4n — 10 left
edges. Since 1, 2;, 3;, and 4; have exactly 0, 1, 2, and 3 left edges, respectively,
all other bars in S must have exactly four left edges, except perhaps for one bar
i1, which may have three left edges. By the same argument, since 1,., 2., 3,., and
4, have no right edges, every additional bar must have exactly two right edges,
except one additional bar, which may have only one.

Consider the four edges e; = {14, 15}, ea = {1+,2p}, es = {24, 14}, and eq =
{24, 2p}. If i, = 2, then the edges e; and es are left edges, but the edges es and
e4 may not be. If i; = 2;, then the edges e; and es are left edges, but the edges
e3 and ey may not be. If ¢; is neither of these bars, then all four of these edges
are left edges.

Since the bars 2; and 2, have at most one right edge each, one of them must
be bar 3, or bar 4,. Without loss of generality, assume that bar 2, is either
bar 3, or bar 4,. So in the order of the bars 1, through 5, given by increasing
y-coordinate, the bar 5, must appear either second or third. Figure [B] shows the
four possibilities that may occur.

In each of the four cases shown, and for each of the three possibilities for the
bar i;, one can check that 5, has at most one right edge. So the remaining bars
must all have exactly two right edges. Therefore the bars 2; and 2; must be two
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Fig. 3. The four possible arrangements of bars 1,, 2,, 3., 4;, and 5,

of the three bars 3,, 4,, and 5,.. But this implies that any right edge associated
to 5, must be between a pair of the bars 1;, 2;, 1, and 2;. Therefore 5, must
have no right edges, and G has at most 6n — 20 edges in total. g

Corollary 2. The graph Kg is not a bar I1-visibility graph.

Proof. Any bar 1-visibility graph with 9 vertices has at most 34 edges, whereas
Ky has 36 edges. a

Corollary 3. If G is a bar 1-visibility graph, then x(G) < 12.

Proof. We proceed by induction. Assume that all bar 1-visibility graphs with
n — 1 vertices have x < 12, and suppose that G is a bar 1-visibility graph
with n vertices. By Theorem [I] ZUGV(G) deg(v) < 12n, so the average degree
of a vertex in G is strictly less than 12. Then there must exist a vertex v in
G of degree at most 11. We consider the graph G — v. Although this graph
may not be a bar 1-visibility graph, it is a subgraph of the graph G’ with bar
1-visibility representation obtained from a representation of G' by deleting the
bar corresponding to v. Therefore the edge bound in Theorem [ still applies to
H. By the induction hypothesis, we may color the vertices of H with 12 colors,
replace v, and color v with a color not used on its neighbors. O

Corollary 4. There are thickness-2 graphs with n vertices that are not bar 1-
visibility graphs for all n > 15.

Proof. Note that there are no thickness-2 graphs with n vertices and more than
6n—12 edges, since if G has thickness 2 then G is the union of two planar graphs,
each of which have at most 3n— 6 edges. Consider the graph G = C5XC5 formed
by replacing each vertex in C5 with C3 and taking the join of neighboring Cs’s.
G has 15 vertices and 6 - 15 — 12 = 78 edges. Since G is the union of the two
planar graphs shown in Figure @, G has thickness 2.

Let G15 = G and suppose L and Lo are the two plane layers of G15. Let
{a,b,c} be afacein L; and {d, e, f} be a face in Lo such that {a,b,c}N{d,e, f} =
@. Add a new vertex v to G5 adjacent to {a,b,c} in Ly and {d, e, f} in Lq; define
the new graph to be G16. The graph G16 has 16 vertices and 6-16 — 12 edges, and
thickness 2. Following the same procedure, inductively we construct an infinite
family of graphs G,, such that for all n > 15, G,, has n vertices and 6n — 12
edges, and thickness 2. Therefore none of these graphs can be a bar 1-visibility
graph by Theorem [l O
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0 0

2 0
1 0

Fig. 5. A bar 1-visibility representation with 6n — 20 edges

Note that the graphs {G,,} given in the proof of Corollary [ have the largest
possible number of edges while having thickness 2.

Theorem 5. There exist bar 1-visibility graphs with 6n — 20 edges, n > 5.

Proof. The graph with representation shown in Figure [3] is a bar 1-visibility
graph with 6n — 20 edges. For ease of counting, the left and right endpoints of
bars in this representation are labeled with the number of left and right edges
associated to each bar. Note that this representation has 4n — 11 left edges and
2n — 9 right edges. Although n = 11 in this representation, more bars can easily
be deleted to create a representation with as few as 5 bars, or added to create a
representation with arbitrarily many bars. For the values n = 5 through 8, this
representation yields a complete graph. O

Corollary 6. The graph Kg is a bar 1-visibility graph.
Proof. Take only eight bars in the representation shown in Figure O

By Corollary [6 if G is a bar 1-visibility graph, then x(G) may be 8. No bar
1-visibility graph is known with chromatic number 9. The standard example of a
graph with chromatic number 9 but clique number smaller than 9 is the Sulanke
graph K¢ V Cs [17], which is not a bar 1-visibility graph since it has 11 vertices
and 50 edges.
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3 Edge Bounds on Bar k-Visibility Graphs

The following theorem generalizes Lemma [I] for ¥ > 1. The proof is entirely
analogous to the proof of Lemma [l and can be found in [4].

Theorem 7. If G is a bar k-visibility graph with n > 2k + 2 vertices, then G
has at most (k+1)(3n — Ik —5) edges.

Theorem 8. There exist bar k-visibility graphs with n vertices and (k+1)(3n—
4k — 6) edges for k > 0 and n > 3k + 3.

Proof. Figurelflshows a bar k-visibility representation of a graph with n vertices
and (k4 1)(3n — 4k — 6) edges. As in Figure [{ the left and right endpoints of
bars in this representation are labeled with the number of left and right edges
associated to each bar. Although n = 4k + 4 in this representation, more bars
can easily be deleted to create a representation with as few as 3k + 3 bars, or

added to create a representation with arbitrarily many bars. a
k+1 0
k+2 - 1
2k+1 - k
2k+2 k+1
2k+2 k+1
2k+2 k+1
k+1 k+1
k+2 - k+1
2k+1 - k+1
k 0
1 - 0
0 0

Fig. 6. A bar k-visibility graph with n vertices and (k + 1)(3n — 4k — 6) edges

Note that Theorem [§ gives the largest number of edges in a bar k-visibility
graph for £ = 0, 1. We believe that this is the case for larger k as well. We state
this as a conjecture.

Congecture 1. If G is a bar k-visibility graph, then G has at most (k + 1)(3n —
4k — 6) edges.

The following theorem is a corollary of Theorem [
Theorem 9. Ksjy5 is not a bar k-visibility graph.

Proof. By way of contradiction, suppose that G is a graph with n = 5k + 5
vertices. Then by Theorem [, G has at most (k + 1)(3(5k + 5) — Ik —5) =

22—3k2 + %k + 10 edges. However, K55 has (5k;5) = %kg + 42—5k + 10 edges. O
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Note that if Conjecture [I] is true, we immediately obtain the following con-
jecture as a corollary.

Conjecture 2. Kyai44 is the largest complete bar k-visibility graph.

Proof (Assuming Conjecture D). Figure [l shows a bar k-visibility representation
of Kyr+4. Conversely, suppose that G is a graph with n = 4k + 5 vertices. Then
by Conjecture [ G has at most (k + 1)(3(4k +5) — 4k — 6) = 8k*> + 17k + 9
edges. However, K415 has (4k2+5) = 8k2 + 18k + 10 edges. a

Conjecture [l is not required to prove Conjecture 2] when k = 0 or 1; we have
already proved these cases in the previous section. Note also that the graph
K14 exactly achieves the bound given by Conjecture [l So if this conjecture
is correct, the family of complete graphs K14 is an example of a family of
edge-maximal bar k-visibility graphs.

4 Thickness of Bar k-Visibility Graphs

By Corollary [0, Kg is a bar 1-visibility graph, and thus there are non-planar
bar 1-visibility graphs. Motivated by the fact that all bar O-visibility graphs
are planar [I0], we are interested in measuring the closeness to planarity of bar
1-visibility graphs. The thickness @(G) of a graph G is the minimum number
of planar graphs whose union is G. Ky has thickness 2 [I2], so there exist bar
1-visibility graphs with thickness 2. Conversely, the following theorem from [4]
gives an upper bound for the thickness of a bar 1-visibility graph.

Suppose G is a bar 1-visibility graph, and S is a bar 1-visibility representation
of G. We define the underlying bar visibility graph G of S to be the graph with
bar visibility representation S. The following theorem relates the thickness of G
to the chromatic number of Gy.

Theorem 10. If G is a bar 1-visibility graph and Gy an underlying bar visibility
graph of G, then O(G) < x(Gp). In particular, the thickness of any bar 1-
visibility graph is at most four.

We conjecture that bar 1-visibility graphs have thickness no greater than 2.
More generally, we know that the thickness of a bar k-visibility graph is bounded
by some function of k [4]. The smallest such function of k is still open.

5 Future Work

We close with a list of open problems inspired by the results of this note.

1. What is the largest number of edges in a bar 2-visibility graph with n
vertices?

2. What is the largest number of edges in a bar k-visibility graph with n
vertices?
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Are there bar 1-visibility graphs with thickness 37

More generally, what is the largest thickness of a bar k-visibility graph? Is
it k417

Are there bar 1-visibility graphs with chromatic number 97

More generally, what is the largest chromatic number of a bar k-visibility
graph?

What is the largest crossing number of a bar k-visibility graph?

What is the largest genus of a bar k-visibility graph?

What is a complete characterization of bar k-visibility graphs?

Is there an efficient recognition algorithm for bar k-visibility graphs?
Rectangle visibility graphs are defined in [7,[8,[15]. Generalize the results of
this note to rectangle visibility graphs.

Arc- and circle-visibility graphs are defined in [IT]. Generalize the results of
this note to arc- and circle-visibility graphs.
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Abstract. We give a drawing of K, in 3D in which vertices are placed
at integer grid points and edges are drawn crossing-free with at most one
bend per edge in a volume bounded by O(n?*®).

1 Introduction

Drawing graphs in three dimensions has been considered by several authors in
the graph-drawing field under a variety of models. One natural model is to draw
vertices as points at integer-valued grid points in a 3D Cartesian coordinate
system and represent edges as straight line segments between adjacent vertices
with no pair of edges intersecting. The wvolume of such a drawing is typically
defined in terms of a smallest bounding box containing the drawing and with
sides orthogonal to one of the coordinate axes. If such a box B has width w,
length ! and height h, then we refer to the dimensions of B as (w+ 1) x (I +
1) x (h+ 1) and define the volume of B as (w+1)-(I+1)-(h+1).

It was shown by Cohen et al. [3] that it is possible to draw any graph in this
model, and indeed the complete graph K, is drawable within a bounding box
of volume ©(n?). Restricted classes of graphs may however be drawn in smaller
asymptotic volume. For example, Calamonieri and Sterbini [2] showed that 2-, 3-,
and 4-colourable graphs can be drawn in O(n?) volume. Pach et al. [11] showed a
volume bound of @(n?) for r-colourable graphs (r a constant). Dujmovié¢ et al. [4]
investigated the connection of bounded tree-width to 3D layouts. Felsner et al. [§]
showed that outerplanar graphs can be drawn in O(n) volume. Establishing
tight volume bounds for planar graphs remains an open problem. Dujmovi¢ and
Wood [5] showed an upper bound of O(n!-®) on the volume of planar graphs at
Graph Drawing 2003.

In 2-dimensional graph drawing, the effect of allowing bends in edges has been
well studied. For example, Kaufmann and Wiese [J] showed that all planar graphs
can be drawn with only 2 bends per edge and all vertices located on a straight line.

* Supported in part by the NSERC Canada.

P. Healy and N.S. Nikolov (Eds.): GD 2005, LNCS 3843, pp. 83-[88] 2005.
© Springer-Verlag Berlin Heidelberg 2005
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The consequences of allowing bends in 3D has received less attention. Note
that bend points must also occur at integer grid points. Bose et al. [I] showed
that the number of edges in a graph provides an asymptotic lower bound on the
volume regardless of the number of bends permitted, thus establishing £2(n?) as
the lower bound on the volume for K,,. This lower bound was explicitly achieved
by Dyck et al. [7] who presented a construction with at most 2 bends per edge.
The upper bound is also a consequence of a more general result of Dujmovié¢ and
Wood [6]. In [I0], Morin and Wood presented a one-bend drawing of K, that
achieves O(n?/log® n) volume. It is the gap between this result and the £2(n?)
lower bound that motivates this paper; we improve the Morin and Wood result
to achieve a one-bend drawing with volume O(n??).

2 Preliminaries

We call the axes of our 3D Cartesian coordinate system respectively X, Y and Z.

The one-bend construction of K,, by Morin and Wood [10] considers O(log n)
packets of O(;2) collinear vertices. All the vertices lie in the XY-plane and
edges joining vertices of different packets lie above this plane. Edges joining
vertices within a packet lie below this plane and the volume of these (complete)
subgraphs is a consequence of the following lemma.

Lemma 1 ([10]). For all ¢ > 1, K,;, has a one-bend drawing in an axis-parallel
z2m?

3 with all the vertices on the Y -axis.

bozx of size ¢ X m X

Indeed, £2(n?) volume is required for a collinear one-bend drawing of K,, as
shown by Morin and Wood. We present here a brief description of the construc-
tion behind Lemma [l because we will use it in our construction. The edges are
divided into ©(m?) chains of edges (i.e., sequences of edges). A chain connects
all vertices with index equal to ¢ modulo j such that the vertices on the chain
are ordered with increasing indices. In each chain, the bends are placed on a line
parallel to the Y-axis through a point of integer coordinates (z,z) in the X Z-
plane. The chains thus lie in planes that contain the Y-axis (where the vertices
lie). In the X Z-plane, the points (x, z) are chosen so that they are all strictly
visible from the origin. The well-known fact that there are ©(m?) such choices
in a rectangle of size q x m® ensures that all the ©(m?) chains can be placed in
distinct planes, and thus that the edges do not cross.

3 The Construction

Our construction is roughly as follows. We split the n vertices into k packets of
7 vertices, where all vertices in one packet have the same X and Z coordinates.
All edges of the complete graph contain a bend. All edges joining two vertices
of one packet are placed below and right (positive X direction) of the packet,
and all edges joining two vertices of different packets are placed “above”. We
present our construction for an arbitrary k and show later that the volume of the
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(a) (b) ()
Fig.1. (a) Projection on the XY-plane of the vertices (dots), the bends (squares),

and the edges leaving vertex vo,1. Here, n = 16 and k = 4. (b) Construction of the
Z-coordinates. (c) X Z-projection of the bounding boxes of the interpacket edges.

N

bounding box of the drawing is minimized for k = n1. We assume for simplicity
that 7 is an integer.

X and Y coordinates of the vertices. We first describe the X and
Y-coordinates of the vertices. Refer to Figure [[(a). All vertices have different
Y-coordinates, ranging between 0 and n — 1. We divide the set of n vertices into
k packets, denoted Vg, ..., Vi1, of 7 vertices. All vertices in the same packet
V; have the same X-coordinate 2, the same Z-coordinate z; (defined later), and
consecutive Y-coordinates. Precisely, the j-th vertex in the i-th packet, denoted
v 5, has coordinates (27,43 +j,2;), with 0 <j < # —1land 0 <i<k—1.

Edges joining vertices of one packet. Since all the vertices of one packet
are collinear, we can draw the complete graph on these vertices using the ¢ x
m x O(m?/q) volume construction of [I0] described in Section Bl In that con-
struction there are m collinear vertices; here we have m = % vertices. We
choose ¢ = k and draw the edges so that the bounding box of this complete
subgraph is below (negative Z) and to the right (positive X) of the vertices.
Notice that we have chosen ¢ = k so that these complete subgraphs do not
asymptotically increase the width of the final drawing. In the sequel of the con-
struction, we only consider edges that join vertices of distinct packets, and their
bends.

X and Y coordinates of the bends. Refer to Figure [[{a). The bend of an
edge joining vertex v;, j, to vertex v, j,, with 7; < iz, is denoted e;, j; iz -
It separates the edge into two distinct segments, the outgoing segment which
starts at v;, j, and ends at e;, j, —i,.5,, and the incoming segment which starts
with e;, j, 4,5, and ends at v, j,.

A bend e;, j, iy, has coordinates (2ia — 1,i1% + Jj1, 2iy,5,), that is, its X-
coordinate is one less than the X-coordinate of v;, j,, its Y-coordinate is the
same as for v;, ;,, and its Z-coordinate, which only depends on v, j,, will be
defined later.
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Z-coordinates of the vertices and bends. We will assign values to z; and
z;,; so that edges do not cross. In fact, our construction is designed to verify
the following lemma. In the following we consider the projection on the X Z-
plane of the vertices v; » and bends e, .—; ; where x can take any value since the
projected points are identical.

Lemma 2. Projected onto the X Z-plane, the polar ordering <;, viewed from a
vertex v;, « of the vertices v; . and bends e, «—ij withig < i<k and 0 < j < %
satisﬁes Vi—1,% =ig Cx,x—4,0 Rig - -+ =ig Cx,k—i,5 <ig - -+ i Ex,x—q, 2 —1 jio Vi, %+

Our construction is as follows. First, let zp = 0 and z;; = j + 1, then z; is
chosen such that vy , is at the same polar angle about v . as €0,x—1,2—1, which
gives 21 = 221 n 1 = 27 (see Figure[l(b)).

Assume now that we have placed vertices and bends up to index i. To get
a correct polar ordering around v;_;, we need to have the next bends above
the line through v;_; , and v;, thus we place the next bend at z;11,0 = 2 +
%(zi — z;—1) + 1 and the following bends on edges going to vit1,+ at zit1,; =

The vertex v;41 . is placed at the same polar angle about v; , as Cxx—rit], 21
which gives zi11 = 2i +2(zip1,n -1 — 2) = 2 +2(FF 4+ ) = 22— 21 + 23
solving this recurrencdl yields z; = i(i + 1)%. Then we obtain z;; = 2,1 +
$(zic1 — zi2) + 14 j = (1 —1)(i + 1) + 1+ j. To summarize, the coordinates
of the vertices and bends are

vij = (2i, z% + g, i+ 1)% )

€iy g1 —vin,ja = ( 2ig — 1, il% + g1, (i3 — 1)% + 1+ 32 )
Proof of Lemma [2l The correct polar ordering of the v; « viewed from v, 4 is
guaranteed since all these points are ordered on a convex curve (i.e. a parabola).
Let L; be the line through v; . and v;41,«. The correct polar ordering of v; ., the
€xx—it1,; and viyq ., viewed from v; ., comes directly from the construction;
moreover, this ordering is the same for all viewpoints v;, «, %0 < %, since these
viewpoints lie above L;_1 (see Figure [i(b)). [ |

4 Proof of Correctness

We say that two edges cross if their relative interiors intersect. We prove in this
section that no two edges of our construction cross. We first show that the edges
joining vertices within the same packet induce no crossing. Then, we show that
there is no crossing between two outgoing segments, two incoming segments, and
finally one outgoing and one incoming segment.

Edges joining vertices within packets. We use the same technique as in
the Morin-Wood construction [I0] to ensure that no two edges joining vertices

! An inductive verification is easy since with this formula we have:
22 —zii1 422 = 2[2i(i+ 1) —i(i— 1)+ 2] = 2[2+3i+2] = (i+ 1)(i+2) % = zi41.
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within a given packet cross. An edge joining vertices within a packet crosses no
other edge joining vertices within another packet since the projection onto the
Y -axis of the bounding boxes of the Morin-Wood constructions do not intersect.
Finally, the bounding box of the Morin-Wood construction properly intersects
no edge joining distinct packets since they do not properly intersect in X Z-
projection (see Fig. [l(c)). Hence, edges joining vertices within a packet cross no
other edge.

Outgoing-outgoing segments. If two outgoing segments start from different
vertices, they lie in two different planes parallel to the X Z-plane. Otherwise,
by Lemma [2| the two segments only share their starting point. Hence no two
outgoing segments cross.

Incoming-incoming segments. Note that an incoming segment joining
€x,x—i,j 10 v ; lies in the plane F;; through the two lines parallel to the Y-
axis and containing, respectively, all the e, ,—.; ; and all the v; ,. For a pair of
incoming segments, we consider three cases according to whether both segments
finish at the same vertex, at distinct vertices of the same packet, or at vertices
of different packets. In the first case, the segments live in a plane P; j; they start
at different bends and end at the same vertex, hence they do not cross. In the
second case, the two segments live in two planes F; ; and P; j» whose intersection
is the line v; jv; ;. The segments end there and thus cannot cross. In the third
case, the segments do not overlap in the X-direction, thus they do not cross.

Incoming-outgoing segments. Consider an outgoing segment joining vertex
V4, « to bend e;, i, « and an incoming segment joining bend e, «—., « to vertex
Uiy +, Where * can be any value (see Figure[Z). The ranges over the X-axis of the
two segments are [2i1, 2i3 — 1] and [2i3 — 1, 2io]. They overlap only if i1 < iz < i3,
and, in such a case, Lemma [ yields that, viewed from v;, , the points satisfy the
polar ordering e, ,—i, » =i, Vig.x =iy €iy,x—ig,«- Lhis implies that, in projection
onto the X Z-plane, points e, i, « and v;, . are below the line segment joining
Vi, « and €;, i, «. Hence the two segments do not cross.

Z ® Vi x

€i) x—rizx

Vig

i pmrigk

€ x>

Uiy x

X

20y 2i9—1 2iy 2i3—1 20y 2i9— 120y 2i3—1

Fig. 2. Incoming and outgoing segments in XY and X Z-projections
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5 Volume Analysis

The dimension of the bounding box of our construction for edges between packets

has size smaller than 2k x n x kn since the highest vertex has Z-coordinate zx_1 =

k(k — 1)%. The complete subgraphs within packets have size k x % x [7;—2 Z—j—‘

and thus our complete construction fits in a box of size O(k) x n x O(Z—; +kn).

To balance the increasing and decreasing terms of the Z-dimension we choose k
2

such that 7z = kn that is k = n1. Recall that we assumed for simplicity that k

and 7 were integers; for any n we can apply our construction with |—nﬂ4 vertices
and then remove the extra vertices and edges. We thus have the following result.

Theorem 1. FEvery complete graph K, has a one-bend drawing in an azis-
parallel box of dimensions O(nt) x n x O(n1) and volume O(n2"?).

Remark 1. An alternative for applying Lemma [I] with boxes that match the X-
dimension of our construction (choosing ¢ = k with m = %) is to take boxes
whose size matches the Z-dimension of our construction (choosing ¢ = kn with
m = 7). Then the dimension of the bounding box of the Morin-Wood construc-

1
kn

construction of O(k + 7% ) x n x 2kn. This is still optimal for &k = n7 but it offers

tion for interpacket edges is O(Z—i - &) X % x kn which gives a total size for our

a trade-off between volume and aspect ratio of the box for k € [1, ni}.
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(Extended Abstract)
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Abstract. We show three linear time algorithms for constructing planar straight-
line grid drawings of outerplanar graphs. The first and the second algorithm are
for balanced outerplanar graphs. Both require linear area. The drawings produced
by the first algorithm are not outerplanar while those produced by the second
algorithm are. On the other hand, the first algorithm constructs drawings with
better angular resolution. The third algorithm constructs outerplanar drawings of
general outerplanar graphs with O(n'*®) area. Further, we study the interplay
between the area requirements of the drawings of an outerplanar graph and the
area requirements of a special class of drawings of its dual tree.

1 Introduction

Straight-line drawings of planar graphs have been studied by several authors and consti-
tute one of the main fields of investigation in Graph Drawing. Groundbreaking works of
the end of the 20th Century [5,/13} 4] have shown that a planar graph with n vertices has
a planar straight-line drawing with integer coordinates (“grid” drawing) with O(n?)
area. Further, it has been shown [12] that there exist graphs that, for such drawings,
require quadratic area.

Planar straight-line grid drawings have also been studied for subclasses of planar
graphs, looking for subquadratic area bounds. For example a linear area algorithm for
drawing binary trees with arbitrary aspect ratio has been shown in [8].

Another subclass of planar graphs that attracted research work in this field is the
one of the outerplanar graphs. An outerplanar graph is a planar graph that has a planar
drawing such that all its vertices are on the outer face. The dual graph of an outerplanar
graph is a tree (but for the outer face). Garg and Rusu [9] proved that an n-vertex
outerplanar graph has a planar straight-line grid drawing with O(d-n'-*®) area, where d
is the maximum degree of the vertices of the graph. Biedl [1]] conjectured that O(n lgn)
area is sufficient for such graphs.

In [10L12]] are presented algorithms for constructing straight-line drawings with ver-
tices in general position.

Outerplanar graphs have been studied also with respect to other types of drawings.
In [[1] and in [11] are presented algorithms to construct planar polyline drawings with
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P. Healy and N.S. Nikolov (Eds.): GD 2005, LNCS 3843, pp. 89-I001 2005.
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O(nlogn) area and O(d - n) area, respectively. An algorithm for constructing in three
dimensions straight-line drawings with linear volume is presented in [7].

In this paper we present the following results. They always refer to planar straight-
line grid drawings. We show (Section[3)) a linear time algorithm for constructing non-
outerplanar drawings of balanced outerplanar graphs in linear area and with angular
resolution > ﬁ with ¢ constant. A balanced outerplanar graph is such that its dual
tree is balanced. We define a new type of drawings of binary trees, called star-shaped
drawings (Section M)). We show that, given a drawing of an outerplanar graph it can
be found a star-shaped drawing of its dual tree with the same area bound. Conversely,
given a star-shaped drawing of a binary tree it can be found a drawing of its dual out-
erplanar graph with the same area bound but for the placement of two special vertices.
Based on such correspondence, we show a linear time algorithm for drawing a balanced
outerplanar graph in linear area (Sectiond)). The drawings obtained with this algorithm
are outerplanar, but the angular resolution is worse with respect to the algorithm of Sec-
tion[3l Again, based on the above correspondence and exploiting a decomposition tech-
nique of binary trees presented in [3]], we show a linear time algorithm for constructing
outerplanar drawings of general outerplanar graphs with O(n!4®) area (Section[3)).

2 Preliminaries

We assume familiarity with Graph Drawing (see e.g. [6]).

An outerplanar graph is a planar graph that has a planar drawing with all its vertices
on the same (say outer) face. Such a drawing is called outerplanar drawing. In this
paper we deal with outerplanar graphs that are also biconnected. However, this is not a
limitation since an outerplanar graph can be always augmented with a linear number of
extra edges to a biconnected outerplanar graph. Hence, the algorithms and theorems we
present can be applied also to general outerplanar graphs after a simple preprocessing
step that does not alter the number of vertices of the graph.

We define the dual graph of an outerplanar graph G as follows. The vertices of the
dual graph are the faces of GG, with the exception of the outer face that is not associated
to any vertex of the dual of G. Two vertices f1 and fo of the dual graph sharing an
edge of G are connected, in the dual graph, by edge (f1, f2). The dual graph of an
outerplanar graph is always a tree. Hence, in the following we call it dual tree.

A maximal outerplanar graph is an outerplanar graph such that all its faces but,
eventually, the outer face are composed by three edges. Note that any outerplanar graph
can be augmented to a maximal outerplanar by adding extra edges. The vertices of the
dual graph of a maximal outerplanar graph have degree at most three. From now on,
unless otherwise specified, we assume that outerplanar graphs are maximal.

We can select an edge (u, v) of the outer face of an outerplanar graph G and root the
dual tree T of G at the internal face r containing (u,v). Let w be the third vertex of r.
We call vertices u and v poles and vertex w central vertex. We also call u left vertex and
v right vertex. Consider a face f of T' and suppose that f is composed in G by edges
(v1,v2), (v2,v3), and (vs, v1), in this clockwise order around f. Also, suppose that the
parent of f in 7" and f share edge (v, v2) or that (f is the root) (v1,vs) = (u,v). The
face sharing with f (if any) edge (vs, v1) is the left child of f, while the face sharing
with f (if any) edge (ve, v3) is the right child of f. We obtain a binary tree.
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A balanced outerplanar graph is an outerplanar graph whose dual tree can be rooted
to a balanced binary tree. The height of an outerplanar graph is the number of nodes on
the longest path of its dual tree from the root to a leaf. A complete outerplanar graph
is an outerplanar graph whose dual tree is a complete binary tree. A grid drawing of
a graph is such that all its vertices have integer coordinates. A straight-line drawing is
such that all edges are rectilinear segments. Let " be a straight-line grid drawing and
consider the smallest rectangle B(I") with sides parallel to the z- and y-axes that covers
I" completely. We call B(I") the bounding box of I'. We denote with b(I"), ¢(I"), I(I")
and r(I") the bottom, top, left and right side of B(I"), respectively. The height (width)
of I' is one plus the height (width) of B(I"). The area of I is the height of I" multiplied
by its width.

3 Non-outerplanar Drawings of Balanced Outerplanar Graphs

We call G}, a complete outerplanar graph with height h, T}, its dual tree, and [}, its
planar straight-line grid drawing. Let also up, vy and wy, be the left vertex, the right
vertex and the central vertex of G}, respectively.

We show an inductive algorithm to draw complete outerplanar graphs. Base case:
if h = 1, then place u; in (0,0), vy in (1,1) and wy in (1,0). Inductive case: if
h > 1, suppose you have drawn [},_1; let r be the line through v and wy_1, let
b be the line through w1 and v, and let a be the line parallel to and at horizontal
distance one unit from 7, in the opposite side of the drawing with respect to r. Shift
up—1 and v, _1 along b of one horizontal unit, moving away from I, _;. Now mirror the
modified drawing I,_; with respect to a. Insert the edge from uy,_ to its symmetric
vertex, say z. Let u;, = up—1, vp = z and wy, = vp—1. Examples of the drawings
produced by the algorithm are shown in Fig.[Il Showing the planarity of the obtained
drawings is trivially done by induction. Now we analyze their area requirement. Let
heighty, and widthy, be the height and the width of I}, respectively. We distinguish
two cases. h is even: it’s easy to see that height,_1 = 2 - heightp,—o + 1 and that
height;, = heightn,_1 + 2. So we have height, = 2 - height,_o + 3. Hence we
obtain:

heighty = ... (((heighty 2+ 3) -2+ 3)...-2+ 3 = heighty-2"% +3.2"% +

h—2times
2
3.2"2° 4+ ... 43 Letm = %; replacing height, with its value 4 we obtain:
heightp, = 4-2m +3-2m~1 4 3.2m=2 4 +3=4-2"43.(2m7L 4 2m"2
1) =4-2m43.2m—1)=7-2m-3=7.2" —3=1.25 _3 =
2Uem?® 3T .p3 3=1. 1\/—— 3 = O(n2). It’s easy to see that: widthy, =
-height,—1="T-y/n—7= 0(n2). Ifhis odd, using height;, = 2 height,_1+1

’El,3).2+1:L2.2%75:%.Q(Ign)%,5:

7
2
2

we obtain: heighty = (% -2
% -\/n —5 = O(n?). It’s easy to see that the width is equal to the height, hence we
have: widthy, = % -Vn—5=0(n2).

About the angular resolution, let uy, be the left vertex of G}, Recall that up_1 = uy,.
Passing from Gj,_1 to G}, the number of the neighbours of u_; increases by one,
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(a) (b)

Fig. 1. Applications of the algorithm in Section[3| (a) I'y. (b) I's.

beacuse of the insertion in I}, of the symmetric vertex of uy_1. Let m () be the largest
odd (even) integer < h. We can prove by induction that the smallest angle in the drawing
is ¢, the angle between half-lines a and b starting at uj, and passing respectively through
V4, the neighbour of wy, inserted in I5,,, and through vy, the neighbour of u;, inserted
in I, 9. Let c be the half-line starting at uj, and passing through v, the neighbour of
up, inserted in I;. Let vy be the intersection point between a and the line through vy
and orthogonal to a. Let v, be the intersection point between ¢ and the line through v,
and orthogonal to c. Let R; be the triangle whose vertices are uy, v, and v.. We denote
with ap, by, and ¢y, the lengths of the segments V0., Up, 0. and uy vy, respectively. Note
that, by construction, b, = ap, + 1. Now suppose h is odd; following the construction
of the algorithm we obtain a;, = 2 - ap—2 + 4 and solving the recurrence equation

h—

we obtain aj, = £ 2" — 4. Hence by, = I - 2"%" — 3. Applying the Pythagorean
theorem to Ry we obtain ¢, = (/a3 + b7 = \/% .Qh — 49.2%F 4 925, Observing

that 7,04 = 4 for every h, we finally obtain: ¢ ~ sin¢ = V2 — >
2\/%2'1—49.27 +25
c.2 M2 = - where c is a constant. If h is even, in a similar way we obtain:¢p ~
N
sin ¢ = V2 >c.2702 = ﬁ, where c is a constant. From the above

2\/%%—%5.2% +13
discussion and from the fact that a balanced outerplanar graph can be augmented to
complete without altering its height we have:

Theorem 1. Given an n-vertex balanced outerplanar graph G with height h, there
exists an O(n) time algorithm that constructs a planar straight-line grid drawing I" of
G such that: (i) if h is even, then the height of I is 2\/n — 3 and its width is T/n — 7;
(ii) if h is odd, then the height of I is %\/_ — 5 and its width is \%\/ﬁ — b, (iii) the
angular resolution of I is greater than ﬁ with ¢ constant; (iv) if G is complete, then
isomorphic subgraphs of G have congruent drawings in I up to a translation and a
reflection; and (v) if G is complete, then I is axially symmetric.

4 Outerplanar Drawings and Star-Shaped Drawings

Let T be a binary tree rooted at r. The leftmost (rightmost) path of T is the path
Vo, U1, - - -, Uy SUch that vy = 7, v;41 is the left (right) child of v;, V¢ such that 0 <
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1 < m — 1, and v, doesn’t have a left (right) child. The outer-left set (outer-right set)
of a planar straight-line drawing I" of T is the set of points with integer coordinates
from which we can draw edges to each one of the nodes of the leftmost (rightmost)
path of T" without crossing I'. The left-right (right-left) path of a node n € T is the
path vg, vy, ..., vy, such that vy = n, v is the left (right) child of vy, v;41 is the right
(left) child of v;, Vi such that 1 < i < m — 1, and v,, doesn’t have a right (left) child.
The left polygon of the neighbours (right polygon of the neighbours) of anoden € T
is the polygon of the segments representing in I” the edges of the left-right path (of the
right-left path) plus an extra segment connecting vy, and vg.

A planar straight-line order-preserving drawing I" of T is star-shaped if all the fol-
lowing conditions are satisfied. (1) For each node n € T its left (right) polygon of
neighbours P, = (n,v1,...,0m) (Pr = (n,v1,...,0y)) is a simple polygon and each
segment (n,v;),2 < i < m — 1 belongs to the interior of P, (P,), but for its endpoints
n and v;. (2) For each pair of nodes n1,n2 € T the left polygon of neighbours or the
right polygon of neighbours of n; does not intersect with the left polygon of neighbours
or with the right polygon of neighbours of ns, but, possibly, at common endpoints or
at common edges. (3) There exist point p; in the outer-left set of 7" and point p,. in the
outer-right set of 7" such that segment (p;, p,-) doesn’t intersect any edge of I".

Given a drawing I" of an outerplanar graph we call internal subdrawing the drawing
obtained by deleting from I its poles and their incident edges.

Lemma 1. Let G be an n-vertex outerplanar graph such that its dual tree T has a
star-shaped drawing with f(n) area. We have that G has an outerplanar straight-line
drawing such that the area of its internal subdrawing is f(n).

Lemma 2. Let G be an n-vertex outerplanar graph that has an outerplanar straight-
line drawing with f(n) area. We have that its dual tree T has a planar star-shaped
straight-line drawing with an area that is at most f(n).

To prove the above lemmas we first establish a correspondence ~ between the ver-
tices of G and the nodes of 7', so that for each node n € T there is one and only
one vertex v of G such that y(n) = v and for each vertex v € G, but for the poles,
there is one and only one node n € T such that v~ (v) = n. Consider a subtree of T’
rooted at n. Suppose that (v, v.) is the edge of G dual to the edge connecting n to its
left child (if any). Analogously, suppose that (v,., v.) is the edge of G dual to the edge
connecting n to its right child (if any). We set v(n) = v.. Now, suppose you have a
planar star-shaped straight-line grid drawing I" of T'. Map each vertex v of G, but for
its poles, to the point where the node n such that v~!(v) = n is drawn. Map the left
vertex u; of G to a point p; of the outer-left set and the right vertex v, of G in a point
p, of the outer-right set so that the edge (p;, p,-) doesn’t intersect any of the edges of
T. Draw the edges from w; to each vertex on the leftmost path of 7" and the edges from
v, to each vertex on the rightmost path of T'. Draw the edge (u;, v,-). By Condition (3)
in the definition of star-shaped drawing and by the definitions of outer-left set and of
outer-right set, p; and p, exist and their incident edges don’t intersect I". For each node
n (and so for each vertex v = y(n)) draw edges to each vertex on its left-right path and
to each vertex on its right-left path. Because of Condition 1 and 2 in the definition of
star-shaped drawing each of such segments doesn’t intersect any other segment of the
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drawing. The drawing obtained after these insertions is an outerplanar straight-line grid
drawing of G as a consequence of the construction and of the correspondence between
vertices of G and nodes of T'. We have also just seen that each step preserves the initial
planarity. The area bound of Lemmal[Ilis easily obtained by observing that the vertices
of G (but the poles) and the nodes of 7" have exactly the same coordinates.

Now we can start from an outerplanar drawing @ of GG, then we can use again the
correspondence between vertices of G and nodes of 7" to obtain a star-shaped drawing
of T'. Remove from @ the poles of G. For each vertex v let n be the node of 1" such
that v~ 1(v) = n and let n; and n,. be the left and the right child of n, respectively.
Remove all edges incident on v, but those whose second endpoint is a vertex z such
that y~1(2) = n; or y~1(2) = n,. We obtain a star-shaped drawing of T': it’s easy to
see that the drawing is planar, straight-line, grid and order-preserving and that all the
conditions of a star-shaped drawing are verified, since the initial drawing @ is a planar
straight-line grid drawing of G. Again, the area bound of Lemma Dlis easily obtained
by observing that the vertices of G (but the poles) and the nodes of 1" have exactly the
same coordinates.

We apply the above lemmas to construct a linear area drawing of a complete outer-
planar graph. We denote with 7}, a complete binary tree, r}, its root, and I}, its drawing.
What follows is an inductive algorithm to construct a star-shaped drawing of a com-
plete binary tree. Base case: if b = 1, then place r; in (0, 0). Inductive case: if b > 1,
suppose you have drawn I}, ;. Now we distiguish two subcases. h is even: let r be the
highest horizontal line such that r intersects I}, ;. Let a be the line above r parallel
to and at vertical distance one unit from 7. Let b be the lowest line with slope 7 with
respect to the z-axis and such that b intersects I}, _;. Mirror I},_; with respect to a.
Place r, at the intersection between a and b. Insert the edges from 7, to its children. If
h is odd let r be the highest line with slope ‘%” with respect to the x-axis and such that
r intersects I, 1. Let a be the line above r parallel to and at vertical distance two units
from r. Let b be the lowest line with slope 7 with respect to the z-axis and such that b
intersects I, 1. Mirror I}, respect to a. Translate the new part of the drawing by a
vector (—1,0). Place ry, at the intersection between @ and b. Insert the edges from r, to
its children. A drawing produced by the algorithm is shown in Fig.2la.

It is easy to see, by induction, that the resulting drawing is star-shaped. Now we
analyze the area requirements of the above algorithm. Let height;, and widthy be the
height and the width of I}, respectively. We distinguish two cases. h is even: it’s easy
to see that heighty,_1 = heighty_o + 2 and that height;, = 2 - height,_1 + 1. So we
have height, = 2 - height,_s 4+ 5. Hence we obtain:

heighty = ... (((heighty 2+ 5)-2+5)...-2+5 = heighty-2"% +5.2"% +

h=2times
2
5.2"7 +...+5 Letm = %; replacing heights with its value 3 we obtain:
height, = 3-2m+5.2m~1 4 5.2m=2 4 4 5=3.2m45.(2m L4 2m=2 4 1)
—c ) 1
=3.2m45.(2m—1)=8-2m—5=8.2" —5=4.25 _5=4.208M% _5—
4.n7 —5=4-\n—5=0(n?).It’s easy to see that width, = % = 2.
Vi —2 = O(nz). If his odd, using height, = height,_, + 2 we obtain: heighty,
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(a) (b)

Fig. 2. Application of the algorithm in Sectiondl (a) I's. (b) The drawing of G built over .

h—1

1 1
- (4.2 : —5)+2:i-2%—3: Ao(Em? 3= L. 3= O(n?). It's

V2 V2
easy to see that width;, = height, —1 = % /n - 3) —1= %~\/ﬁ—4 = O(n?).
We exploit the above algorithm and Lemma[Il to prove the following theorem.

[\v)

VS

Theorem 2. Given an n-vertex balanced outerplanar graph G with height h, there
exists an O(n) time algorithm that constructs an outerplanar straight-line grid drawing
I of G such that: (i) if h is even, then the height of I is 4\/n — 5 and its width is
2/ — 1; (i) if h is odd, then the height of I is %\/ﬁ — 3 and its width is %\/ﬁ -3
(iii) the angular resolution of I' is less than -, with c constant; (iv) if G is complete,
then isomorphic subgraphs of G have congruent drawings in I" up to a translation and
a reflection; and (v) if G is complete, then I is axially symmetric.

Proof. I is constructed as follows. First, we add to G dummy vertices and edges to
make it complete without altering h. Second, we draw star-shaped its dual tree 7. Third,
using the correspondence between the vertices of G and the nodes of 7" introduced in
the proof of Lemmas Il and 2 we build a drawing I of the internal subgraph of G.
Finally, we place the poles of G and their incident edges, obtaining I". This is done as
follows. We place the left vertex on the same line of (1), one unit to the right of 7(I")
and we place the right vertex on the same line of ¢(I"") one unit to the right of »(I").
This placement allows to draw edges from the left vertex to each node of the leftmost
path of 7" and from the right vertex to each node of the rightmost path of 1" without
crossings. Furthermore, this placement increases by one unit the width without altering
the height of I'. Note that similar but different placements of the poles, as the one in
Fig.Dlb, are also possible.

The bounds on height and width of I" descend from the bounds given for star-shaped
drawings. Now we analyze the angular resolution. Namely, we show that there is an
angle that decreases faster than % If h is odd let v; be the root of T', else (h even) let
v1 be the left child of the root of T'. Let (v1, wo, w1, . .., w,,) be the left-right path of
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v1. Let ¢ be the angle between the half-lines « and b starting at v; and passing through
W —1 and wyy,, respectively. From trigonometry we have:

Sin ¢ = sin(wp, v1Wo) cos(wm,_101wo) — sin(wy,_1v1wg) cos(wy,viwy). Observe
that o1wg = V2, Vh. Let k be the biggest even integer < h — 1. We have wow,, =
\/5(2 2% — 3); moreover WoW,,—1 = WoW, — V2, since Wy, —1wnm = V2, Vh; hence
Wom—1 = V2(2- 25 — 4). Using the Pythagorean theorem we obtain:

sing = WoWr, V1w n
o \/ 2 2 \/ 2 )
WoWm~ + V1Wo WoWm—1- + V1Wo
V1Wo WoWm—1
_|_ frd

2

2 3 2
\/wowm + v1wg \/wowmq + v1wo

T1W0 (Wo Wy, — WoWrm—1)

- 2 2 2 2
\/wowm + viwo \/wowm—l + v1wo

V3V )
\/2(2 25 — 3)2\/2(2 .25 — 4)2
2

2V/4.2F —12.25 £10V4-2F —16-25 + 17

Hence ¢ ~ sin ¢ < ¢ (27%) and since k = O(h), we have ¢ < <, with ¢ constant.

5 Outerplanar Drawings of General Outerplanar Graphs

This section is devoted to the proof of the following theorem. The main ingredients
of the proof are: (i) a recursive algorithm for constructing a star-shaped drawing of a
binary tree, (ii) Lemmalll and (iii) Lemma 3] presented by Chan in [3].

Theorem 3. Given an n-vertex outerplanar graph G, there exists an O(n) time algo-
rithm that constructs an O(n'-*8) area outerplanar straight-line grid drawing of G.

Lemma 3. /3] Let p = 0.48. Given any binary tree T of size n, there exists a root-
to-leaf path 7 such that for any left subree o and right subtree 3 of m, |a|P + |G| <
(1 = é)nP, for some constant 6 > 0.

First, we show two techniques, called Constructions 1-2, for constructing a star-
shaped drawing I, with ¢ € {1, 2}, of a general binary tree T with n nodes. Each one
is defined in terms of itself and of the other one. In the following we call spine a root-
to-leaf path S = (vg, v1,...,v,) of T. Let s; be the non spine child of v; and let T'(s;)
be the subtree of T" rooted at s;. We denote with W;(n) the width of I}, with W; ;(n)
(Wi r(n)) the width of the part of I’; that is to the left (to the right) of S and with n(¢)
the number of nodes in the subtree of T rooted at ¢.

Now we show Construction 1. First, we draw each v; € S together with T'(s;),
obtaining I"(v;); then we put all the I'(v;) together to obtain I';. Construction 1 has
four subcases, labelled 1zy, x € {t,b} and y € {I,r}. Index z states that S is drawn
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Fig. 3. Constructions (a)1bl, (b)1¢r, (¢)2bl and (d)2tr. The edges (vs, vi+1) labelled r (1) are such
that v;41 is the right (resp. left) child of v;. The thick edges show the spine (in Construction 1)
and the leftmost and the rightmost paths (in Construction 2) of 7T'.

going towards the top (z = t) or towards the bottom (x = b) of I'}. Index y states that
the leftmost path (y = [), or the rightmost path (y = r), is drawn going towards the left.
In the following we show the details of Construction 15/, while the others are easily
obtained from 10/ after a reflection with respect to the z-axis and/or a switch of the left
with the right and vice-versa. Constructions 15/ and 1¢r are shown in Fig.[3l

Suppose v; is the left (right) child of vy. Let k be the first index such that vy, is
the right (left) child of v_1. In the following we denote the subtree T'(sx—1) (T'(s0))
also with T'(s;) and we denote the subtree T'(sg) (T(sk—1)) also with T'(s,.). Draw
T'(so) and T (si—1) with Construction 1bl, obtaining I"(so) and I"(s;_1 ), respectively.
Draw vy one unit above and one unit to the left (right) of B(I"(sg)), obtaining I"(vp).
Draw vi_1 one unit above and one unit to the right (left) of B(I'(sx—1)), obtaining
I'(vk—1). Draw any other left (right) subtree with Construction 2¢r (with Construction
2bl), obtaining I"(s;). If s; is the left (right) child of v;, draw v; on the same horizontal
channel and one unit to the right (to the left) of s;, obtaining I"(v; ).

Now we put together all the I'(v;), 0 < i < m as follows. Place I'(vg) anywhere
in the plane. For 1 < ¢ < m, if v; is the left child (right child) of v;_; and v;4 is the
left child (right child) of v; or v; is a leaf (¢ = m), then draw I"(v;) so that v; is on the
same vertical channel of v;_1 and so that b(I"(v;—1)) is one unit above the ¢(I"(v;)).
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Else (v; is the left child (right child) of v;_1 and v;11 is the right child (left child) of
v;) if v; is a left child (right child) draw v; on the vertical channel one unit to the left
(to the right) with respect to the vertical channel of v;_; and so that b(I"(v;—1)) is one
unit above ¢t(I"(v;)).

Property 1. Construction 15l guarantees that all the vertices of the leftmost (rightmost)
path of T are visible from any point that is above and to the left (right) of B(I7).

Property 2. Suppose that the drawing of Construction 2¢r is star-shaped and that it
places the leftmost and the rightmost paths of the tree on the right side of its bounding
box. Suppose also that the drawing of Construction 2b! is star-shaped and that it places
the leftmost and the rightmost paths of the tree on the left side of its bounding box. We
have that the drawing obtained with Construction 15 is star-shaped.

Property 3. Wy ,1(n) = max(Wi(n(s;)), max;(Wa(n(s;)))), where 4 is such that s; is
the left child of v;. W1 »(n) = max(Wi(n(s,)), max;(Wa(n(s;)))), where i is such
that s; is the right child of v;.

Analogous properties hold for Constructions 1br, 1tl,and 1¢r.

Construction 2 is as follows. We have four subcases, say 2zy, where « € {t¢,b} and
y € {l,r}. Index z states that the leftmost path is drawn going towards the top (z = t) or
going towards the bottom (z = b) of I',. Index y states that the root is drawn on the right
side (y = r) or on the left side (y = [) of I'. In the following we show Construction
2bl, while the other cases are easily obtained from 2bl after a reflection with respect
to the y-axis and/or a switch of the left with the right and vice-versa. Constructions
2bl and 2tr are shown in Fig. BlLet r be the root of T', let C; = (ui,0,ui1,- - -, ULm)
(Cr = (Ur,0, Up 1, ..., Urp)) be the leftmost (rightmost) path of T, with u; o = u, o = 7.
Let s;,; (sr,;) be the right (left) child of a node u;; € Cj (u,; € C,); we call T'(s;;)
(T'(sr,:)) the subtree of T rooted in s;; (sr ;). First, we draw each u;; € C together
with T'(s;;) and each u,; € C, together with T'(s,;), obtaining I"(u; ;) and I'(u; ;)
respectively; then we put all the I"(u; ;) and the I"(u, ;) together to obtain I.

Let k and j be two indexes such that &, j € {l,r} and let x such that 1 < & < m if
k =landsuchthat 1 < z < pif k = r. Find the heaviest subtree T'(sy, ) among all
the subtrees T'(s; ;). Let T'(sg 21) and T'(sg, z») be the left and the right subtree of sy, 4,
with root sy, 4 and sy, 4, respectively. Draw T'(sy ;) with Construction 15/ and draw
T'(Sk,zr) With Construction 1t¢r, obtaining I'(sy z;) and I'(sg »r ), respectively. Draw
any other subtree T'(s; ;) with Construction 2b/, obtaining I'(s; ;).

Place I'(sk,qi) anywhere in the plane. Place I'(sy ) so that b(I'(s zr)) is three
vertical units above ¢(I"(sy 4;)) and so that {(I'(sk,»r)) is on the same vertical chan-
nel of {(I'(sk41)). Place sg , one unit above ¢(I"(sg z)) and one unit to the right of
the rightmost boundary between (I (sk 1)) and r(I'(Sg,zr)). Draw uy . on the same
horizontal channel of sy, ,, one unit to the left of [(I'(sg 51)). If K = 1 (k = r) draw
Uk, z—1 One unit above (one unit below) ug, ;.. Place I'(sg z—1) so that [(I'(s 4—1)) is
on the same vertical channel of [(I'(sy ,)) and so that (if & = 1) b(I"(sk,4—1)) is one
unit above t(I'(sg, 5)) or (if k = r) t(I'(Sk,z—1)) is one unit below b(I'(sk,)), obtain-
ing I'(ug,z—1). For each I'(s;;), but for I'(s o—1) and I'(sg 4 ), place u; ; one unit to
the left of s; ;, obtaining I"(u; ;). Finally place all the I'(u; ;) (and so also I'(ug,z—1))
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so that all u;,; are on the same vertical channel, so that b(I"(u,;)) is one unit above
t(I'(ur,i—1)), 2 < i < p,so that t(I"(uy,;)) is one unit below b(I"(u;;—1)), 2 < i < m,
and so that ¢(I"(u;,1)) is one unit below b(I"(uy1)).

Property 4. Construction 2bl guarantees that all the vertices of the leftmost (rightmost)
path of 7" are on the left side of the bounding box of I%.

Property 5. Suppose that the drawing of Constructions 1¢r and 1bl are star-shaped.
Suppose that Construction 1¢r is such that the leftmost (the rightmost) path of T'(s 5r)
is visible from any point that is below and to the right (to the left) of B(I'(sg,zr)). Sup-
pose also that Construction 15/ is such that the leftmost (the rightmost) path of T'(s, ml)
is visible from any point that is above and to the left (to the right) of B(I'(sg,1)). W
have that the drawing obtained with Construction 20! is star-shaped.

Property 6. Wa(n) =max(24+Wi(n(sk,z1)),24+Wi(n(sk,2r)),max(1+Wa(n(s;:)))),
where j € {l,r} and 7 is not equal to x.

Analogous properties hold for Constructions 2br, 2tl,and 2t¢r.

We can use Constructions 1-2 for constructing a star-shaped drawing I of a binary
tree 1" as follows. First, we select any spine. Second, we apply Construction 1bl. Third,
we recursively apply all the constructions in the appropriate cases. From the above
properties we have that I is star-shaped.

At this point we can draw a general outerplanar graph G with dual tree 1" as follows.
First, we draw T with the above algorithm. Second, we apply LemmalIl to construct an
outerplanar drawing of the internal subgraph of G with the same height and width of T'.
Third, exploiting Property [l we place the poles of G obtaining a drawing that has the
same height and width plus one unit.

Now we analyze the height and the width of I". About the height, it’s easy to see that
there is at least one vertex for each horizontal line that intersects I". So we immediately
obtain that the height of I" is O(n). About the width W (n), let n; (n2) be the number
of vertices of the heaviest left (right) subtree of the spine S. We want to show that
W(n) < W(ni) + W(nz) + 6.

We focus on Wi ;(n) to show that Wy ;(n) < W(ni) + 2. For this purpose we
start from the expression of W ;(n) as a function of Wi (n) and of Wa(n), then we
substitute W3 (n) with its definition as function of W (n) and of W (n). We repeat this
substitution until we have obtained that W1 ;(n) is defined only in terms of W7 (n).

Let n(s}) be the maximum number of nodes of a subtree recursively drawn with
Construction 2, after that j substitutions of Wg( ) with its definition (as a function of
Wi(n) and of Wa(n)) have been made. Let n(s ;) and n(s] ,.) be the number of nodes
of the left and the right subtrees of s7, respectwely

By Property Bl we have Wy ;(n) = max(Wi (n(s;)), max(Wa(n(s;)))), with ¢ such
that T'(s;) is the left subtree of a spine node v;. By applying several times Property
to the above equation we have: W1 ;(n) = max(Wi(n(s;)),2 + Wi(n(sg1)),2 +
Wi (n(sk.ar)), 1+ Wa(n(s1))) <max(Wi(n(s))), 24+ Wi (n(sk,1)), 24+ Wi (n(sk.ar)),

3+Wi(n(st,)), 3+Wi(n(s] ), 24+ Wa(n(s3))) <max(Wi(n(s1)), 2+ Wi(n(sk,a1)),
2+Wi(n (8 rr)) 3+W1( n(s7,)), 3+ Wiln(st,)), 4+ Wi(n(sy ), 4+ Wi(n(s3 ),
3+ Wa(n(s3))) < ... <max(Wi(n(si)),2 + Wi(n(sk,z1)), 2 + Wi(n(sker)), 3 +
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Wi(n(s] ), 3 + Wi(n(si,)), 4 + Wi(n(s3,)), 4 + Wi(n(s5,)),5 + Wi(n(s3,)),
5+ W, (n(sﬁT))7 o)
Observe that n(s7 ;) < %n(s;“), since we draw the heaviest subtree 7" of T'(s7)

with Construction 1 and a subtree 7" with size greater than 3n(s%) implies n(T”) +
n(T") > n(s}), that is impossible by definition. Hence, assuming Wi(n) > lIgn,
we obtain W1 ;(n) < max(Wi(n(s;)),2 + Wi(n(skz1)),2 + Wi(n(sker))) < 2+
Wi (n1). With similar arguments we obtain W1 .(n) < 2 + Wi (ng). Observing that S
is drawn on two adjacent vertical channels we have Wi (n) = Wi ;(n) + Wi »(n) + 2,
hence we obtain W (n) = Wi(n) < Wi(n1) + Wi(n2) + 6 < W(ny) + W(ng) + 6.
As done in [3]], we can choose in linear time a spine of 7" by maintaining the invariance
that nq? + no? < (1 — 6)nP. Observe that W(n) < max,r,,r<q—smnr (W () +
W(n,) + 6), for any left (right) subtree of S with n; (n,) nodes; by induction this
solves to W(n) = O(n?) and applying Lemma[3] we can complete the analysis of the
width of I" concluding that is possible to get W (n) = O(n°4%).

From the results on the height and on the width, we obtain the O(n'-4%) area bound
on I'. It is easy to see that the algorithm can be implemented to run in linear time.
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Abstract. This paper studies the problem of drawing directed acyclic
graphs in three dimensions in the straight-line grid model, and so that
all directed edges are oriented in a common (upward) direction. We show
that there exists a family of outerplanar directed acyclic graphs whose
volume requirement is super-linear. We also prove that for the special
case of rooted trees a linear volume upper bound is achievable.

1 Introduction

The problem of computing 3D grid drawings of graphs so that the vertices are
represented at integer grid-points, the edges are crossing-free straight-line seg-
ments, and the volume is small, has received a lot of attention in the graph
drawing literature (e.g., [4L5L[7,89,[12L[13]). While the interested reader is re-
ferred to the exhaustive introduction and list of references of [9] for reasons of
space, we recall in this extended abstract some of the more recent results on the
subject. In what follows, n denotes the number of vertices, and m the number
of edges of a graph.

Dujmovié and Wood [12] proved that drawings on an integer grid with an
O(n!'*?) volume can be obtained for planar graphs, graphs with bounded degree,
graphs with bounded genus, and graphs with no Kj (h constant) as a minor.
Bose et al. [3] proved that the maximum number of edges in a grid drawing of
dimensions X xY x Z is (2X —1)(2Y —1)(2Z —1) — XY Z, which implies a lower
bound of %Jr" on the volume of a 3D grid drawing of any graph. Felsner et al. [13]
initiated the study of restricted integer grids, where all vertices are drawn on a
small set of parallel grid lines, called tracks and proved that outerplanar graphs
can be drawn by using three tracks on an integer grid of size O(1) x O(1) x O(n).
Dujmovié, Morin, and Wood [9] showed that a graph G admits a drawing on
an integer grid of size O(1) x O(1) x O(n) if and only if G admits a drawing
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on an integer grid consisting of a constant number of tracks. Dujmovié, Morin,
and Wood used this result to show in [J] that graphs of bounded tree-width
(including, for example, series-parallel graphs and k-outerplanar graphs with
constant k) have 3D straight-line grid drawings of O(n) volume. Some of the
constant factors in the volume bounds of [9] are improved in [8]. As far as we
know, the question of whether all planar graphs admit a 3D straight-line grid
drawing of O(n) volume remains a fascinating open problem.

This paper studies the problem of computing 3D straight-line grid drawings
of directed acyclic graphs so that all edges are drawn oriented in a common
direction; such drawings are called 3D upward drawings in the remainder of the
paper. Recall that 2D straight-line grid drawings of directed acyclic graphs such
that all edges are drawn upward are a classical subject of investigation in the
graph drawing literature (see, e.g. [1[2,[14}[1]]). Little is known about volume
requirements of 3D upward drawings. Poranen [19] presented an algorithm to
compute a 3D upward drawing of an arbitrary series-parallel digraph in O(n?)
volume. This bound can be improved to O(n?) and O(n) if the series-parallel
digraph has some additional properties. The major contributions of the present
paper can be listed as follows.

— We introduce and study the notion of upward track layout, which extends a
similar concept studied by Dujmovié¢, Morin, and Wood (see, e.g. [9,[10,11]
12]). We relate upward track layouts to upward queue layouts and use this
relationship to prove some of our volume bounds.

— We show that there exist outerplanar directed acyclic graphs which have
a 2(n'%) volume lower bound. This result could be regarded as the 3D
counterpart of a theorem in [6], which proves that upward grid drawings in
2D can require area exponential in the number of vertices. Note however that
the class of graphs that we use for our lower bound has an O(n?) upward
drawing in 2D. Also note that undirected outerplanar graphs admit a 3D
grid drawing in optimal O(n) volume [I3].

— Motivated by the above super-linear lower bound, we investigate families of
outerplanar graphs which admit upward 3D drawings of linear volume. In
particular, we show that every tree has an upward 3D drawing on a grid of
size O(1) x O(1) x O(n).

The remainder of this paper is organized as follows. Preliminaries can be
found in Section Pl The definition of upward track layout, and the volume lower
bound for 3D upward drawings of outerplanar graphs are in Section Bl How to
compute linear-volume 3D upward drawings of trees is the subject of Section [4l
Other families of graphs and gaps on the volume are discussed in Section[Bl Some
proofs are sketched or omitted for reasons of space.

2 Preliminaries

Let G be a directed acyclic graph (DAG). The underlying undirected graph G of
G is the undirected graph obtained by ignoring the directions of the edges of G.
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A 3D straight-line grid drawing I of an undirected graph G maps each vertex
of G to a distinct point of Z? and each edge of G to the straight-line segment
between its vertices. we denote the x-, y- and z-coordinates of p by z(v), y(v)
and z(v). A crossing-free straight-line grid drawing is a straight-line grid drawing
such that edges intersect only at shared end-vertices and an edge only intersect
a vertex that is an end-vertex of that edge.

A (crossing-free) straight-line grid drawing of a DAG G is a (crossing-free)
straight-line grid drawing of the underlying undirected graph G of G. A 3D
straight-line grid drawing of G is upward if for each directed edge (u,v) € G we
have z(u) < z(v).

The bounding box of a straight-line grid drawing I" of a graph G is the min-
imum axis-aligned box containing I'. If the sides of the bounding box of a 3D
straight-line grid drawing I" parallel to the x-, y-, and z-axis have lengths W —1,
D — 1 and H — 1, respectively, we say that I" has width W, depth D and height
H. We also say that I" has size W x D x H and volume W - D - H.

3 Volume Requirements of 3D Upward Drawings

In this section we present a super-linear lower bound on the volume of 3D upward
drawings of outerplanar DAGs. In order to do this, we start by introducing and
studying the concept of an upward track layout, which extends the (undirected)
notion of an improper track layout as defined by Dujmovi¢ et al. [10].

3.1 Upward Track Layouts

Let G = (V, E) be an undirected graph. A t-track assignment v of G consists
of a partition of V into t sets Vy, V1,...,V;_1 and a total order <; for each set
Vi. We write u <; w if u <; w and u # w. There is an overlap if there exist
three vertices u,v,w such that u,v,w € V;, (u,w) € E and u <; v <; w. There
is an X-crossing if there exist two edges (u,v) and (w, z) such that u,w € V;,
v,z € V;, with ¢ # j, and v <; w and z <; v. A t-track layout of G is a t-track
assignment of G without overlaps and X-crossings. The minimum value of ¢ such
that G has an t-track layout is called the track number of G and is denoted as
tn(G).

Definition 1. Let G = (V, E) be a DAG. An upward t-track layout of G is a
partition of V into t sets Vo, Vi,..., Vi1, called tracks, a total order <; for each
track V; and a partial order < on V' such that there is no overlap, there is no
X -crossing, if (u,v) € E then u < v and if u <; v for some i then u < v.

The minimum value of ¢ such that G has an upward t-track layout is called
the upward track number of G and is denoted as utn(G).

We complete this section by studying the relationship between upward track
layout and another well-known graph parameter, namely the upward queue-
number [15[16}17].

Let G = (V, E) be an undirected graph. A g¢-queue layout of G consists of a
total ordering <, of V' and a partition of E into ¢ sets, called queues, such that
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there are no two edges (u,v) and (w, z) in the same queue such that u <, w <,
z <5 v, where u <, w means u <, w and v # w. The minimum value of ¢ such
that G has a ¢g-queue layout is called the queue number of G and is denoted as
an(G).

Let G = (V, E) be a DAG. An upward ¢-queue layout of G consists of a total
ordering <, of V and a partition of E into ¢ sets, called queues, such that it
is a g-queue layout for the undirected underlying graph G of G and for each
edge (u,v) € E, we have u <, v. The minimum value of ¢ such that G has an
upward g-queue layout is called the upward queue number of G and is denoted

as ugn(G).
Lemma 1. Let G be a DAG. Then

ugn(G) < (uth(G)> + utn(G).

Sketch of Proof. The total ordering o of the queue layout is a total order that
respects the partial order < of the track layout. All edges between any pair of
tracks can be put in a queue. All edges on a track can be put in a queue. O

Note that in the undirected case Dujmovié et al. [I0] proved that gn(G) <
tn(QG), for every graph G. As the following lemma shows, the relationship stated
by Lemma [ can be asimptotically tight for DAGs.

Lemma 2. For all n there exists a DAG G with at least n vertices such that

ugn(G) > (utn(G) — 2)%/2.

Proof. Let k be the smallest integer such that there is a value ¢ for which ¢(t+1) =
2k > n. Counsider the graph G = (V, E). The set V is V,, UV, where V,, =
{ug,u1,...,up—1} and V,, = {vg, v1,...,vk—1}. The set of edges F is E,UE,UE,,,
where B, = {(ui,ui11) |0<i <k -1}, B, = {(v,vi41) | 0<i < k—1} and
E,, = {(us,vg—1-:) | 0 < ¢ < k}. The graph G contains the Hamiltonian path
consisting of E,, U E, plus the edge (ux—1,v0). The order of the vertices of G in
this Hamiltonian path is the unique topological sort of G and therefore it must
be the total order for the upward queue layout. Since no two edges from FE,
can belong to the same queue, it follows that ugn(G) > k. It is not hard to see
that in fact ugn(G) = k.

Consider the following upward layout of G on t + 2 tracks. Place all vertices
of V on the tracks in the order given below. For an illustration see Figure [l
where k£ = 10 and t = 4. Place vertices ug, u1,...,us—1 on track 0. Then place
the next t — 1 vertices of V,, on track 1, the next ¢ — 2 vertices of V,, on track
2, etc. So track ¢ — 1 contains the vertex ug_1. Place vg on track t + 1. Place
v1 and vo on tracks ¢ + 1 and t respectively. Then place the next three vertices
of V,, on tracks ¢ + 1, ¢t and ¢ — 1, etc. So the last group of vertices placed is
{Vk—t,Vk—t—1,...,Uk—1}, and they lie on tracks t + 1,¢,...,2. It can easily be
verified that the edges of E do not form an X-crossing. So utn(G) < t + 2. We
have ugn(G) = k = t(t + 1)/2 > (utn(G) — 2)?/2, so the lemma holds. |
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Fig.1. A graph G and a partial 5-track layout of G

3.2 Volume Requirement

We next show a super-linear volume lower bound by using the results in the
previous subsection and the following lemma.

Lemma 3. Let G be a DAG and let I' be a 8D straight-line upward grid drawing
of G such that the sides of the bounding box of I' parallel to the x-, y-, and z-axis
have length W, D, and H, respectively. Then utn(G) < W - D.

Sketch of Proof. All lines in I" parallel to the z-axis are the tracks of the track
layout. The total ordering <; on each track V; and the partial order < for the

track layout can be defined according to the z-coordinates of the vertices in I'.
O

Theorem 1. There exists an outerplanar DAG G with n vertices such that any
crossing-free 3D straight-line upward grid drawing of G requires £2(n*-5) volume.

Proof. Consider the DAG G = (V, E) with m = 3n/2 — 2 edges as defined in the
proof of Lemma [2] and illustrated in Figure [ with n = 20.

As we saw in the proof of Lemmal[2 uqn(G) = k = n/2. Assume for contradic-
tion that there exists a 3D straight-line upward grid drawing I" of G with volume
o(n'®). Let W, D, and H be the width, depth, and height of I'. Since I is up-
ward, we have z(ug) < z(u1) < -+ < z(ug—1) < z(vo) < z(v1) < -+ < z(Vg—1).
This implies that H > n. In order to have a volume of o(n!-%) it must be that
W-D = o(n?). By Lemma[3 this would imply utn(G) = o(n2). By Lemmalll we
have ugn(G) = O(utn(G)?) and therefore it would be ugn(G) = o(n), but this is
impossible because we proved that ugn(G) = £2(n). O

Note that in contrast to Theorem [Il undirected outerplanar graphs admit a
crossing-free 3D straight-line upward grid drawing in optimal O(n) volume [I3].
Theorem [l can be regarded as the three-dimensional counterpart of well-known
results which show that in two-dimensions, undirected and directed planar
graphs have different area requirements [6].

4 Compact 3D Upward Drawings of Trees

Based on the result of Theorem [l we next investigate whether there exist mean-
ingful families of outerplanar DAGs with o(n!-%) volume upper bounds. In this
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section we study compact 3D upward drawings of trees and paths. We recall that
Heath et al. [I7] proved that every tree DAG has an upward 2-queue layout and
that every path DAG has an upward 1-queue layout.

Definition 2. Let G = (V, E) be a DAG. A 3D upward straight-line grid draw-
g I’ of G on t lines is a drawing of G with vertices placed on t lines parallel to
the z-axis such that the drawing induced by the vertices on two of the t lines is
crossing-free.

Recall that in an upward grid drawing, we also have z(u) < z(v) for all edges
(u,v).

Lemma 4. If DAG G has a 3D upward straight-line grid drawing on t-lines of
height H, then G has a 3D crossing-free straight-line upward grid drawing of size
tx pxp-H and volume O(t3 - H), where p is the smallest prime number such
that p > t.

The lemma follows directly from a similar result in [9].

Corollary 1. Let G be a DAG with n vertices. G has a 3D crossing-free straight-
line upward grid drawing of size utn(G) x p X p - n and volume O(utn(G)? - n),
where p is the smallest prime number such that p > utn(G).

Lemma 5. Let T be a directed tree with n vertices. Then T admits an upward
straight-line grid drawing on 7 lines.

Sketch of Proof. Let v be a vertex of T'. The set of edges of T is E. We use T (v)
to denote the subtree of T" induced by all vertices w for which there is a directed
path of length > 0 from v to w. Similarly, T~ (v) is the subtree of T" induced by
all vertices w for which there is a directed path of length > 0 from w to v.

Let r be a vertex of T that has no incoming edges, i.e. there are no edges
(v,7) in E. Let Fy be TT(r). Let F} = {T"(w) | v € Fo,w ¢ Fp, (w,v) € E}.
In other words F} is a forest of trees T~ (w) for all nodes w for which there is
an edge (w,v) in E with v € Fy and w ¢ Fy. Similarly, let F» = {T"(w) | v €
Fi,wé¢ Fy UF,(v,w) € B}, Fs ={T"(w) | v € Fy,w ¢ Fy UFy, (w,v) € E},
etc. Since T is connected, it follows that each vertex v of T belongs to some F;.

We first draw the single tree of Fp, i.e. the tree T (r), on tracks 0, 1 and
2 using the wrap-around algorithm described in [I3]. We then place the roots

Fig. 2. Drawing of a tree decomposed into 6 forests
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of the trees in F; on track 3. We then use the algorithm of [13] again to place
the remaining vertices of F} on tracks 3, 4 and 5, but now wrapping the trees
from high z values to smaller z values. Suppose we have placed F; on tracks
7,7+ 1,5+ 2. If ¢ is odd we place the roots of the forest F;;; on track j + 3,
sufficiently far above F;_; to leave room for F;,o. We then use the wrap-around
algorithm to place the remaining vertices of F;; on tracks j+3,7+4,j+5.If i is
even we place the roots of the forest F;;; on track j+ 3, below all vertices of Fj,
but above F;_o. We then use the wrap-around algorithm to place the remaining
vertices of F;41 on tracks j+ 3,7+ 4,7+ 5, so that all vertices of F;, are above
the vertices of F;_s. It can be shown that the resulting drawing has no overlaps
and no X-crossings. For an illustration, see Figure 2 O

Theorem 2. Every directed tree T with n vertices admits a 3D crossing-free
straight-line upward grid drawing of size 7 X 7 X 7-n and volume O(n).

An immediate consequence of Lemma [l is that for every tree T utn(T")
It is possible to prove that there exists a directed tree T' such that utn(T")
Therefore the following theorem holds.

<7
> 4.

Theorem 3. Let T be a directed tree. Then 4 < utn(T') < 7.

For the special case of a path, the result of Theorem[2 can be further improved
as shown in the following.

Theorem 4. FEvery directed path P with n vertices admits a 3D crossing-free
straight-line upward grid drawing of size 2 x 2 X n_and volume O(n).

Sketch of Proof. Let P be a directed path with vertices vy, ..., v,—1. We assume
without loss of generality that the first edge from vy to vy is directed in the
direction from vg to v1. Decompose the path into k£ chains of consecutive edges
that are similarly directed. We refer to the vertices where the path changes
direction as wg = vg, w1, ws,...,wWr = VUn_1, and the directed chains as Wy=
wo — wy, Wi= wy +— wq, Wo= wy — ws, etcetera.

These chains alternate in direction and our goal is to draw them on three
tracks in the order 0,1,2,0,1,.... The algorithm to layout the chains is straight-
forward except that some care is required if there is a long down chain that

wWo
Wo
w1 wo w1 Ws
w2 Wi
W ws o
w3
W4 Ws w3
Wy z —
ws

Fig. 3. Paths on 3 tracks
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might interfere with previously placed vertices. To avoid this, we maintain an
invariant that places vertices of the form wo; 1 sufficiently high. See Figure 3 for
the general technique. Finally, the tracks can be drawn in 3D (non-coplanarly)
in an upward manner and achieving the stated size and volume. O

5 Extensions to Other Families of DAGs

Let G = (V,E) be a DAG. A vertex c-colouring of G is a partition {V; : 1 <
i < ¢}, such that for every edge (u,v) € E, if u € V; and v € Vj, then ¢ # j.
The minimum value of ¢ such that G has a vertex c-colouring is called the
chromatic number and is denoted by x(G). A strong star colouring of a graph G
is a vertex colouring of G such that each bichromatic subgraph consists of a star
and possibly some isolated vertices. The minimum value of ¢ such that G has a
strong star colouring with ¢ colours is called the strong star chromatic number
and is denoted by xsst(G). Th definition of strong star chromatic number is
due to Dujmovi¢ and Wood [12] who observed that track number is at most
strong star chromatic number, i.e. tn(G) < xss¢(G). It is easy to prove that also
utn(G) < xsst(G).

In [I2] it has been proven that every graph G with m edges and maxi-
mum degree A > 1 has strong star chromatic number x5 (G) < 14v/Am and
Xsst(G) < 15m?/3. Consequences of these results are that every planar graph
has upward track number O(n?/3) and that this bound reduces to O(y/n) if the
planar graph has bounded degree. This allows us to find upper bounds on the
volume of a 3D crossing-free straight-line upward grid drawing of several families
of graphs. In particular, outerplanar graphs and Halin Graphs as special cases
of planar graphs with unbounded degree, have upward track number O(nz/ 3)
and by Corollary [l volume O(n?). On the other hand k-planar graphs (i.e. pla-
nar graphs with maximum vertex degree at most k) and X-trees as examples of
planar graphs with bounded degree have upward track number O(y/n) and by
Corollary [l volume O(n?%). It is easy to construct an X-tree and a Halin graph
that contains the graph of Figure [Ii which is outerplanar, planar and k-planar

Table 1. Upper and Lower Bounds on the Volume of a 3D crossing-free straight-line
upward grid drawing of different families of graphs

Family of DAGs|Volume Upper Bound|Volume Lower Bound
Trees O(n) (TXT7X7-n) 2(n)

Paths O(n) (2 x2 xn) 2(n)

X-trees O(n??%) 2(n*?)

Halin O(n?) 2(n*?)
Outerplanar O(n?) 2(n*?)
Planar O(n?) 2(n*?)
k-planar O(n*?) 2(n*?)
arbitrary Oo(n* 2(n*?)
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for each k > 3. It follows that a lower bound of £2(n'-%) on the volume of a 3D
crossing-free straight-line upward grid drawing can be established for all these
families of graphs. We conclude by observing that a trivial upper bound on the
upward track number of an arbitrary graph G is O(n) and hence by Corollary [Tl
a trivial upper bound on the volume is O(n*). Table [l summarizes these upper
and lower bounds on the volume.

References

1.

2.

10.

11.

12.

13.

14.

15.

16.

P. Bertolazzi, G. Di Battista, G. Liotta, and C. Mannino. Upward drawings of
triconnected digraphs. Algorithmica, 6(12):476-497, 1994.

P. Bertolazzi, G. Di Battista, C. Mannino, and R. Tamassia. Optimal upward
planarity testing of single-source digraphs. SIAM J. Computing, 27(1):132-169,
1998.

. P. Bose, J.Czyzowicz, P. Morin, and D. R. Wood. The maximum number of edges

in a three-dimensional grid-drawing. J. of Graph Algorithms and Applications,
8(1):21-26, 2004.

. T. Calamoneri and A. Sterbini. 3D straight-line grid drawing of 4-colorable graphs.

Information Processing Letters, 63(2):97-102, 1997.

. R. F. Cohen, P. Eades, T. Lin, and F. Ruskey. Three-dimensional graph drawing.

Algorithmica, 17(2):199-208, 1997.

. G. Di Battista, R. Tamassia, and I. G. Tollis. Area requirement and symmetry

display of planar upward drawings. Discrete and Computational Geometry, 7:381—
401, 1992.

. E. Di Giacomo. Drawing series-parallel graphs on restricted integer 3D grids. In

G. Liotta, editor, Proc. of 11th International Symposium on Graph Drawing, GD
2003, volume 2912 of Lecture Notes Computer Science, pages 238-246. Springer-
Verlag, 2004.

. E. Di Giacomo, G. Liotta, and H. Meijer. Computing straight-line 3D grid drawings

of graphs in linear volume. Computational Geometry. to appear.

. V. Dujmovié¢, P. Morin, and D. R. Wood. Layout of graphs with bounded tree-

width. SIAM J. on Computing, 34(3):553-579, 2005.

V. Dujmovié, A. Por, and D. R. Wood. Track layouts of graphs. Discrete Math.
Theor. Comput. Sci., 6(2):497-522, 2004.

V. Dujmovi¢ and D. R. Wood. Layouts of graph subdivisions. In J. Pach, editor,
Proc. 12th International Symposium on Graph Drawing, GD 2004, volume 3383 of
Lecture Notes in Computer Science, pages 133-143. Springer, 2004.

V. Dujmovi¢ and D. R. Wood. Three-dimensional grid drawings with sub-quadratic
volume. In J. Pach, editor, Towards a Theory of Geometric Graphs, volume 342,
pages 55-66. 2004.

S. Felsner, G.Liotta, and S. K. Wismath. Straight-line drawings on restricted
integer grids in two and three dimensions. J. of Graph Algorithms and Applications,
7(4):363-398, 2003.

A. Garg and R. Tamassia. On the computational complexity of upward and recti-
linear planarity testing. SIAM J. Computing, 31(2):601-625, 2001.

L. S. Heath and S. V. Pemmaraju. Stack and queue layouts of posets. SIAM J.
on Discrete Mathematics, 10:599-625, 1997.

L. S. Heath and S. V. Pemmaraju. Stack and queue layouts of directed acyclic
graphs: Part II. SIAM J. on Computing, 28:1588-1626, 1999.



110 E. Di Giacomo et al.

17. L. S. Heath, S. V. Pemmaraju, and A. Trenk. Stack and queue layouts of directed
acyclic graphs: Part I. SIAM J. on Computing, 28:1510-1539, 1999.

18. M. D. Hutton and A. Lubiw. Upward planning of single-source acyclic digraphs.
SIAM J. on Computing, 25(2):291-311, 1996.

19. T. Poranen. A new algorithm for drawing series-parallel digraphs in 3D. Technical
Report A-2000-16, Dept. of Computer and Information Sciences, University of
Tampere, Finland, 2000.
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Abstract. Let R and B be two sets of points such that the points of
R are colored red and the points of B are colored blue. Let P be a path
such that |R| vertices of P are red and |B| vertices of P are blue. We
study the problem of computing a crossing-free drawing of P such that
each blue vertex is represented as a point of B and each red vertex of P
is represented as a point of R. We show that such a drawing can always
be realized by using at most one bend per edge.

1 Introduction

Let G be a planar graph such that each vertex of G is colored with either the
red or the blue color. Let R and B be two distinct sets of red and blue points in
the plane, respectively, such that |R| equals the number of red vertices of G and
| B| equals the number of blue vertices of G. A bichromatic point-set embedding
of G onto RU B is a crossing-free drawing such that those vertices that are blue
in G are mapped to points of B and those vertices that are red in G are mapped
to points of R. The mapping of each blue/red vertex of G to a corresponding
blue/red point of RU B is not part of the input.

The problem of computing bichromatic point-set embeddings for different sub-
classes of planar graphs has attracted considerable interest during the last fifteen
years. We briefly recall here only some of the most relevant results concerning
the case that G is a simple path, since this is the main subject of this short
paper. For an exhaustive survey see [5]. In what follows we shall denote with §
the set RU B and implicitly assume that the red (blue) points of S are always
as many as the red (blue) vertices of the bi-colored input path P.

Akiyama and Urrutia [2] exhibit a set S of sixteen points in convex position
on which a proper 2-colored path P does not admit a straight-line bichromatic
point-set embedding, and present an O(n?)-time algorithm to test whether a
proper 2-colored path has a straight-line bichromatic point-set embedding on a
given set of points. Abellanas et al. [I] also study straight-line point-set embed-
dings for a path P with a proper 2-coloring. They show that if either the convex
hull of S consists of all red points and no blue points or S is a linearly separable
bipartition (i.e. there exists a line that separates all blue points from the red
ones), then P has a straight-line point-set embedding onto S. Finally, a recent
paper by Kaneko, Kano, and Suzuki [4] provides a complete characterization
of those paths with a proper 2-coloring that admit a straight-line bichromatic

P. Healy and N.S. Nikolov (Eds.): GD 2005, LNCS 3843, pp. 111-[TT6] 2005.
© Springer-Verlag Berlin Heidelberg 2005
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point-set embedding onto any set of points S in general position: If P has at
most twelve vertices or if it has exactly fourteen vertices, then P always admits
a straight-line bichromatic point-set embedding onto S; for all other cases, there
exist configurations of S for which P does not admit a straight-line bichromatic
point-set embedding.

Motivated by the result of Kaneko, Kano, and Suzuki [4], we study the prob-
lem of constructing a bichromatic point-set embedding of a 2-colored path by
removing the restriction that no three points of S are collinear and by not assum-
ing that the given 2-coloring is proper. We observe that allowing collinearities
naturally leads to bichromatic point set embeddings whose edges can contain
bends. The main contribution of this paper is the following theorem.

Theorem 1. Let P be a simple path such that each vertex of P is colored with
either the red or the blue color. Let R and B be two distinct sets of points in
the plane such that |R| equals the number of red vertices of P and |B| equals the
number of blue vertices of P. Then P admits a bichromatic point-set embedding
onto RU B with at most one bend per edge.

The proof of Theorem [ is based on showing that a 2-colored path admits
a bichromatic point-set embedding onto any given set S if and only if it has a
suitably defined 2-page bichromatic book embedding (see Section ().

2 Preliminaries

Let G = (V, E) be a planar graph. A 2-coloring of G is a partition of V into 2
disjoint sets V;, and V.. We call blue vertices the vertices of V;, and red vertices
the vertices of V.. A 2-coloring is proper if for every edge (u,v) € E we have
u € V, and v € V.. Given a vertex v we denote by ¢(v) the color of v. If a graph
G has a 2-coloring we say that it is 2-colored, if the 2-coloring is proper we say
that G is properly 2-colored.

Let G be a planar 2-colored graph and let S = B U R be a set of points in
the plane, such that |B| = V3| and |R| = |V;|. We call blue points the points of
B and red points the points of R. A point-set embedding onto S of G is a planar
drawing I" such that the vertices of G are drawn in I" on the points of S, and
each edge of G is drawn as a polyline in I" (Kaufmann and Wiese [6] show that
any planar graph admits a points-set embedding). G has a bichromatic point-set
embedding onto S if G has a point-set embedding onto S such that every blue
vertex is drawn on a blue point, and every red vertex is drawn on a red point.
A planar 2-colored graph G is bichromatic point-set embeddable if for any set of
points, S = R U B such that |B| = || and |R| = |V;|, G has a bichromatic
point-set embedding onto S.

Let G be a planar graph. An h-page book embedding of G consists of a linear
ordering A of the vertices of G and a partition of the edges of G into h disjoint
sets, called pages, such that there are no two edges (u,v) and (w, z) in the same
page with u < w < v < z in A. A different but equivalent definition of an h-page
book embedding is the following. An h-page book embedding of G is a drawing
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of G such that all the vertices of G are drawn as points of a straight line [ called
spine, each edge is drawn on one of h half-planes, called pages, having [ as a
common boundary, and no two edges in the same page cross. According to this
second definition, a book embedding is a drawing rather than a combinatorial
object. In the following we shall always refer to this “geometric” definition rather
than to the “combinatorial” one. In the special case when h = 2 we have that a
2-page book embedding of G is a planar drawing such that all the vertices are
drawn as points of a straight line [, and each edge is drawn on one of the two
half-planes defined by I.

A red-blue sequence o is a sequence of points along a straight line [ such that
each point p € o is either red or blue. Given a point p of o, we denote by ¢(p)
the color of p. Let n, and n; be the number of red and blue points in a red-
blue sequence o, respectively, and let G be a planar 2-colored graph such that
[Vb] = np and |V;.| = n,. An h-page book embedding of G consistent with o is an
h-page book embedding of G such that each vertex v of G is represented by a
point p of o and ¢(v) = ¢(p). Notice that the exact position of the points of o on
the line [ is not relevant for the existence of the book embedding, and only their
relative order is important. A planar 2-colored graph G is h-page bichromatic
book embeddable if, for any red-blue sequence o with V| = ny, and |V,.| = n,,
G has an h-page book embedding consistent with o. Let v be an h-page book
embedding of G, and let v be a vertex of G. We say that v is accessible from a
page 7 if there is no edge (u,w) in 7 such that u < v < w in the linear ordering
of 7. Analogously we say that a point p € o is accessible from a page 7 if there
is no edge (u,w) in 7 such that u < p < w in the linear ordering of 7. Two
vertices/points accessible from a common page can be connected by an edge
without creating any crossings.

In [3] it has been proved that there is a strong connection between point-set
embeddability and book embeddability. More precisely, the following lemma is
an immediate consequence of [3].

Lemma 1. [3] Let G be a planar graph. G admits a 2-page book embedding if
and only if G admits a point-set embedding with at most 1 bend per edge on any
set of points.

The following theorem shows that the result can be extended to the case of
bichromatic point-set embedding and bichromatic book embedding. The proof
is omitted for reasons of space.

Theorem 2. Let G be a planar 2-colored graph. Then G is bichromatic point-set
embeddable with at most 1 bend per edge if and only if it is 2-page bichromatic
book embeddable.

3 Bichromatic Point-Set Embedding of Paths

In this section we prove Theorem [l and apply it to the bichromatic point-set
embeddability of cycles. Based on Theorem [2] it suffices to prove the following.
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Theorem 3. Let P be a 2-colored path, and let o be any red-blue sequence. Then
P has a 2-page bichromatic book-embedding that is consistent with o.

Proof. Let Vj, and V,. be the set of blue and red vertices of P respectively, and let
o be any red-blue sequence such that n, = |V;| and n, = |V,|, where n; and n,
are the number of blue and red points of o, respectively. Denote as pg, p1, - . - Pn—1
the points of ¢ in the order they have in 0. We describe how to construct a 2-
page bichromatic book embedding of P consistent with o. We shall denote with
Py the sub-path of P induced by the first k& + 1 vertices of P. The k + 1 vertices
of Py are denoted as vg, vy, ..., V.

The proof is constructive and adds one vertex and one edge per step to the
bichromatic book embedding. At step k all vertices of Py_1 have already been
added to the bichromatic book embedding, and we add vertex vy and edge
(vk—1,vk). We denote by o C o the red-blue sequence consisting of all points
representing the vertices of Py. We prove by induction that at the end of step k
the following invariants hold:

Property 1. Let p; be the rightmost point of o;. Denote as NBj, the set of all
points of o \ o) that precede p; in o. All points in NBj, have the same color
and are all accessible from the same page 7. Furthermore, vertex vy, is accessible
from 7.

Property 2. Let p; be the point of o}, representing vertex vy, and let p; be the
rightmost point of oy. Either ¢ = j, or if j # ¢ then c¢(piy1) # c(pj)-

At step k = 0 we choose the leftmost point p; of o such that c¢(p;) = c(vo).
Properties 1 and 2 trivially hold in this case. At step & > 0 vertex vy and
edge (vk—1,vi) are added according to the following cases, which depend on the
position of the point representing vy_1 in oj_1.

Case 1. v;_; is represented as the rightmost point p; of o;_1. There are
three sub-cases (see also Figure [)):

Case l.a. If ¢(p;+1) = c(vr) then map vi to p;+1, and arbitrarily assign
(vk—1,vk) to one of the two pages. No crossing is created by adding edge
(vk—1,vk) because vip_1 and v are represented as consecutive points in the
sequence. Properties 1 and 2 hold in this case. Namely, NBy = NBy_1 because
there is no point between p; and p;;+1. Hence all points in NBj have the same
color and are all accessible from a same page m by induction. Also, v is repre-
sented as the rightmost point of o, and hence it is accessible from both pages.

P Py P

Fig. 1. Illustrations for Theorem [3] (a) Case 1.a (b) Case 1.b (c) Case 1l.c
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It follows that Property 1 holds. Concerning the statement of Property 2, we
observe that in this case the point of o} representing vertex vy is the rightmost
point.

Case 1.b. Neither p;;1 nor the vertices in NBy_; have the same color as vy.
Map vi, to the first vertex p; to the right of p; that has the same color as vy,
ie. j =min{h | h > i A ¢(pn) = c¢(vg)}. By induction all points in NBj_1
are accessible from a same page 7. We assign edge (vi—1,vx) to the other page
(the one different from m). The addition of edge (vk—1,vk) does not introduce
any crossings, because there is no other edge with an endvertex mapped on a
point between p; and p;. We have that NBy, = NBy_1 U {pit1,Dit2,---:Pj—1}s
and that c(p41) = c¢(piy2) = -+ = c(pj—1) # c(vg), because p; is the first point
after p; such that ¢(p;) = c¢(p;). It follows that all vertices of NBy have the same
color. Also, they are all accessible from 7 because we assign edge (vi—1,vg)
to the page different from 7. Hence the invariant expressed by Property 1 is
maintained. Concerning the statement of Property 2, we observe that also in
this case the point of oy, representing vertex vy is the rightmost point.

Case 1.c. ¢(pi+1) # c(vg), NBr—1 # 0, and the vertices of NBi_; have the same
color as vg. We map vy, to the rightmost point p; of NBy_1,1.e. j = max{h | ps €
NBy._1}. By induction all vertices of NBy_; are accessible from a page 7, and
we assign edge (vk—1,vx) to m. The addition of edge (vk—1,vk) does not create
a crossing because, by Property 1, vx—1 and p; are accessible from a common
page. We have that NBy = NBy_1 \ {p;}. It follows that the vertices of NBj
all have the same color and are all accessible from a page 7 by induction. Point
p; is accessible from 7 by induction, and it remains accessible also after that
edge (vg—1,vg) is drawn on 7. Thus Property 1 holds. Property 2 holds since
c(pit1) # c(vk).-

Case 2. v;p_1 is not represented as the rightmost point p; of o;_1. We
distinguish three sub-cases (see also Figure [2)):

Case 2.a. c(vg) = c(vg—1) and NBy_; # 0. By induction all points of NBjy_1
have the same color. Also, note that the points of NBy_1 plus the point repre-
senting vi_1 all belong to NBj_o by induction, and hence they all have the same
color as vg. We map vy, to the rightmost point p; of NBy_1,i.e. j = max{h | ps €
NBj_1}. By induction the vertices of NBj_1 are accessible from a page 7; we
assign edge (vg—1,vk) to m. The addition of (vi_1,vx) does not create a crossing

Fig. 2. Illustrations for Theorem [3] (a) Case 2.a (b) Case 2.b (c) Case 2.c



116 E. Di Giacomo, G. Liotta, and F. Trotta

because, by Property 1, vx—1 and p; are accessible from a common page. We
have that NBy = NBj_1 \ {p;}, therefore all points of NB}, have the same color
and are all accessible from page 7 by induction. Point p; was accessible from 7
by induction, and it remains accessible also after edge (vg—_1,vy) is drawn on 7.
Thus, Property 1 holds. Property 2 holds because by induction ¢(p;+1) # ¢(vk—1)
and c(vg) = c(vg—1).

Case 2.b. ¢(vx) = ¢(vg—1) and NBj_1 = (). Choose the first vertex p; to the right
of p; such that p; has the same color as vy, i.e. j = min{h | h > ¢ A c(pn) = c(vi)}-
Since the point representing vi_; is an element of NBy_o, this point is accessible
from a page 7 by induction. We assign edge (vi—1,vx) to 7. Since point p; is to
the right of p;, p; is accessible from both pages, and therefore the addition of edge
(vg—1,vk) does not create a crossing. We have that NBy = pj+1,Pi+2, - .-, Dj—1-
Notice that ¢(pi+1) = ¢(pit2) = -+ = c(pj—1) # c(vg) because p; is the first
point after p; such that ¢(p;) = c¢(p;). It follows that all points of NBj, have the
same color. Also, they are all accessible from the page different from . Vertex
vk is accessible from both pages because it is drawn on the rightmost point of
0. Therefore the invariants of Property 1 holds. Property 2 trivially holds since
vk, is represented as the rightmost point of oy.

Case 2.c. ¢(vg) # c¢(vg—1). By Property 2 we have that ¢(p;+1) = c(vg). Map v
to pi+1. Since the point representing vi_; is an element of NBy_o, it is accessible
from a page m. We assign edge (vg_1, vx) to 7. Since point p;11 is to the right of
i, it is accessible from both pages, and therefore the addition of edge (vi—1,vk)
does not create a crossing. We have that NBy = NBj_1 because there is no
point between p; and p;y;. Hence all points in NBj have the same color, and
are all accessible from a same page by induction. Also vy is represented as the
rightmost point of o5 and hence it is accessible from both pages. It follows that
both the invariants expressed by Properties 1 and 2 are maintained.

This concludes the proof of this theorem and hence of Theorem [l a
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Abstract. The upward planarity testing problem is known to be NP-
hard. We describe an O(n*)-time upward planarity testing and embed-
ding algorithm for the class of digraphs that do not contain rigid tricon-
nected components. We also present a new FPT algorithm that solves the
upward planarity testing and embedding problem for general digraphs.

1 Introduction

An upward planar drawing of a planar digraph G is a crossing-free drawing of
G such that the vertices of G are mapped to points of the plane and the edges
of G are drawn as simple curves that are monotone in the upward direction.
A digraph that admits an upward planar drawing is an upward planar digraph.
Unfortunately, not all planar digraphs are upward planar. The digraph of Fig-
ure|l(a)|is not upward planar independent of the choice of its planar embedding.
The upward planarity testing problem asks whether a planar digraph G has an
upward planar drawing.

Fig.1. (a) A digraph G that is not upward planar. (b) The underlying undirected
graph of G is a series-parallel graph, i.e., it does not have rigid components.

The upward planarity testing problem is a classical subject of investigation in
the graph drawing literature, and many papers have been devoted to this subject
during the last decade. Bertolazzi et al. [I] present an O(n?)-time algorithm that
tests whether a digraph with a given planar embedding is upward planar. Garg
and Tamassia [9] show that the problem in the variable embedding setting is
NP-complete. Papakostas [I4] presents an O(n?)-time algorithm for testing the
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upward planarity of outerplanar digraphs. Hutton and Lubiw [I3] describe an
O(n?)-time testing algorithm for digraphs that have a single source. Bertolazzi
et al. [3] improve this last result by showing an optimal O(n) testing algorithm
for the same class of digraphs studied by Hutton and Lubiw. Bertolazzi et al. [2]
describe a branch-and-bound testing algorithm for biconnected planar digraphs.
Recently, fixed parameter tractable (FPT) algorithms have also been designed:
Chan [4] presents an O(t!- 8" -n3 4 (2-¢)>2°¢!- 8¢ . n)-time algorithm where ¢ and
t are the number of cut-vertices and the number of triconnected components of
G, respectively. Healy and Lynch [12] improve Chan’s result by giving an O(2¢ -
t!- n?)-time algorithm; in the same paper, Healy and Lynch describe a second
upward planarity testing algorithm whose time complexity is O(n?+k*(2k+1)!),
with k = |E| — |V|.

In this paper we describe a polynomial time algorithm and a new FPT al-
gorithm for the upward planarity testing problem in the variable embedding
setting. More precisely:

— We introduce and study the concept of upward spirality (Section Bl), which
is a measure of how much a component of a digraph is “rolled-up” in an
upward planar drawing. A similar concept was introduced in the literature
in the context of orthogonal drawings [6].

— We describe an O(n?)-time upward planarity testing and embedding algo-
rithm for the class of series-parallel digraphs, i.e. biconnected digraphs whose
SPQR-tree does not have any R-node (Section H]). Our algorithm still runs
in polynomial time even if the digraph is not biconnected and any block is
a series-parallel digraph.

— Using the above results, we design a new FPT algorithm for upward planarity
testing of general digraphs whose time complexity is O(d*-n3+d-t2-n+d?-n?),
where d is the maximum diameter of any split component of G and t is the
number of (non-trivial) triconnected components of G (Section [H).

For reasons of space, all proofs are omitted and some sections are sketched.
Details can be found in [§].

2 Preliminaries

We assume familiarity with basic concepts of graph drawing and graph pla-
narity [5]. Let G be a planar digraph with a given planar embedding. A vertex
of G is bimodal if the circular list of its incident edges can be partitioned into two
(possibly empty) lists, one consisting of incoming edges and the other consisting
of outgoing edges. If all vertices of G are bimodal then G and its embedding
are called bimodal. Acyclicity and bimodality are necessary conditions for the
upward planar drawability of an embedded planar digraph [I]. However, they
are not sufficient conditions.

Let f be a face of an embedded planar bimodal digraph G and suppose that
the boundary of f is visited clockwise if f is internal, and counterclockwise if f
is external. Let a = (e1, v, e2) be a triplet such that v is a vertex of the boundary
of f and ey, ey are incident edges of v that are consecutive on the boundary of f.
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Triplet a is called an angle of f. Also, a is a switch angle of f if the direction
of e; is opposite to the direction of es (note that e; and es may coincide if G is
not biconnected). If e; and es are both incoming in v, then a is a sink-switch of
f; if they are both outgoing, a is a source-switch of f. A source or a sink of G
is called a switch vertexr of G; a vertex that is not a switch vertex is called an
internal vertex of G.

Let I" be an upward planar drawing of G and let a be an angle of G. Label a
with a letter L (resp. a letter S) if it is a switch angle and has in I" a value greater
(resp. less) than 7. Label a with a letter F' if it is not a switch angle. The labeled
embedded digraph Ug so obtained is called an upward planar representation of G,
and can be viewed as the equivalence class of all (embedding preserving) upward
planar drawings of G that induce the same angle labeling on G. Drawing I is
also said to be an upward planar drawing that preserves Ug.

Now, consider an embedded planar digraph G and a labeling of its angles
with labels L, S, and F. If v is a vertex of G, we denote by L(v), S(v), and F(v)
the number of angles at v that are labeled L, S, and F', respectively. The degree
of v is defined as the number of angles at v, and is denoted as deg(v). Also, if f
is a face of G, L(f), S(f), and F(f) denote the number of angles of f that are
labeled L, S, and F, respectively. The following result is a restatement of the
results in [I].

Lemma 1. Let G be an acyclic planar bimodal embedded digraph with angle
labels L, S, F. G and its labeling define an upward planar representation if and
only if the following properties hold: (UP1) If v is a switch vertex of G then:
L(v) =1, S(v) = deg(v) — 1, F(v) = 0; (UP2) If v is not a switch vertex of G
then: L(v) =0, S(v) = deg(v) — 2, F(v) = 2; (UP3) If f is a face of G then:
L(f)=S(f) =2 if f is internal and L(f) = S(f) + 2 if f is external.

From an upward planar representation Ug it is always possible to construct in
linear time an upward planar drawing of G that preserves Ug, where each edge is
drawn as a straight-line segment or as a polyline. Figure [2] shows an embedded
planar digraph G, an upward planar representation Ug of G, and an upward
planar drawing of G within Ug. Given an upward planar representation Ug, the
angles labeled L, S, and F are called large, small, and flat angles, respectively. If

Fig. 2. (a) A planar embedded bimodal digraph G. (b) An upward planar representa-
tion Ug of G. (¢) An upward planar drawing of G within Ug.
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Fig. 3. Transformation of an SPQ R-tree into its canonical form

G’ is a subgraph of G, then G’ has an upward planar representation Ug: induced
by Ug, which is defined as follows. Let a = (e1,v, e2) be an angle of G', and let
A be the counterclockwise sequence of angles of Ug between e; and es. Angle a
in Ug is labeled: L if A either contains one large angle or two flat angles; F' if
A contains only one flat angle; S otherwise.

Let G be a biconnected graph and let e = {s,t} be any edge of G, called
reference edge. The SPQ R-tree of G with respect to e describes a decomposition
of G in terms of its triconnected components, and implicitly represents all planar
embeddings of G with e on the external face. We assume familiarity with all
formal definitions about SPQR-trees [7]. Suppose that G is given with an st-
numbering of its vertices, such that the source and the sink of this numbering
are the end-vertices s,t of the reference edge of G. If T' is the SPQR-tree of G
with respect to e, given any node p of 7', let u and v be the two poles of pu, so
that u precedes v in the st-numbering. We call u and v the first pole and the
second pole of the pertinent graph G, of p. If G has a fixed planar embedding
with reference edge e on the external face, the right face of G, is the face to the
right of G, in G, while moving from u to v. The left face of G, is the face to
the left of G, in G, while moving from u to v. The path on the right face of G,
going from u to v, is called the right path of G,. The path on the left face of
G, going from u to v, is called the left path of G,,.

In the remainder of the paper, we consider SPQ R-trees of directed graphs
(digraphs) G. In this case, the computation of the decomposition tree is done
exactly as for undirected graphs, by ignoring the orientation of the edges of
G. Notice that, there is no connection between the orientation of the edges
of G and the definition of first and second poles of the pertinent digraphs. In
order to simplify the description of our upward planarity testing algorithm, we
use canonical SPQR-trees, i.e., SPQR-trees where each S-node has always two
children. A canonical SPQR-tree T of G can be constructed from an SPQR-
tree of G by applying on every S-node the transformation illustrated in Figure 3l
A canonical SPQR-tree of G has a number of nodes that is still linear in the
number of vertices of G.

We say that a biconnected digraph G is a series-parallel digraph if its SPQR-
tree only consists of -, S-, and P-nodes.

3 Upward Spirality

In the following, we assume that G is a biconnected digraph, 7" an SPQ R-tree
of G, Ug an upward representation of GG, and G, the pertinent digraph of a node
p of T, with first pole w and second pole v.
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Let P =< wv1,€1,V2,...,04€i,...,€Ek_1,V; > be any simple (undirected) path
(possibly a simple cycle) in G, and let Up be the upward planar representation
of P induced by Ug. Consider a vertex v; (i € {2,...,k — 1}) that is a switch
of P, and denote by a = (e;-1,vi,€;),a’ = (e;,v;,e;—1) the two angles at v; in
Up. Walking on P from vy to vg, we say that v; is a left turn (resp. right turn)
of Up if a (resp. ') is large. We denote by n(Up) the number of right turns
minus the number of left turns of Up, and we call n(Up) the turn number of P
in Ug, or simpler, the turn number of Up. Similarly, if P is a simple cycle, i.e.
v1 = v, and we walk clockwise on P, we say that we encounter a left turn (resp.
right turn) of Up on any switches of P that has a large angle (resp. small angle)
inside the cycle. Because of Lemma[Il if P is a simple cycle of Ug, then its turn
number is n(Up) = 2.

Denoted by w € {u,v} any of the two poles of G,,, we want to classify w on
the basis of the labeling of the angles at w in Ug. The label of the angle at w in
the right face (resp. in the left face) of G, is called the right inter-label (resp. the
left inter-label) of w. An intra-label of w is any label of an angle at w internal at
G,,. We assign to each angle label an integer weight, in such a way that labels
S, F, and L have weight 0, 1, and 2, respectively. The intra-labeling weight of w
is the sum of the weights of all intra-labels of w. From properties UP1 and UP2
of Lemma [Tl the intra-labeling weight of w ranges from 0 to 2.

In Ug, we describe the angles labeling of the pole w of G, by using a string
tw = XY\, such that X is the left inter-label of w, Y is the right inter-label of w,
and A is the intra-labeling weight of w. We say that t,, is the pole category of w.
We remark that, since Ug is an upward planar representation, not all categories
XYX (X,Y € {S,F,L}, X € {0,1,2}) are possible for a pole w of a pertinent
digraph of G. Indeed, as also observed above, the sum of all angle labels at w
must verify UP1 and UP2, and w must be bimodal. Hence, the following lemma
immediately follows (see also Figure H):

Lemma 2. The possible pole categories of any pole of G,, in Ug are: SS0, S51,
SS§2, SF0, SF1, IS0, FS1, FF0, SLO, LSO.

Inter labels

Intra labels
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2 s\fs
L or FF
sfts
1 SF1 FS1
S B F s F
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Fig. 4. Illustration of the pole categories for the first pole of a pertinent digraph within
an upward planar representation. Grey portions are the internal parts of the pertinent
digraph. The two labels around the pole are the inter-labels of the pole. The illustration
for the second pole is symmetric.

o
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In order to introduce the notion of upward spirality we need to identify two
suitable vertices that we call the left external verter of w, denoted as w;, and
the right external vertex of w, denoted as w,, where w is still any of the two
poles of G,. The right and the left external vertices of w are defined based on
the pole category t,, of w, with respect to G, in Ug. More precisely, let e; be
the edge incident on w, that is on the left path of G, and that does not belong
to G; let e, be the edge incident on w, that is on the right path of G, and that
does not belong to G,. Also, let x be the end-vertex of ¢; other than w and let y
be the end-vertex of e, other than w. The external vertices w; and w, of w are
defined as follows: (Case 1) One of the following three subcases is verified: (i)
tw € {S50,SF0,FS0,FF0}; (i) tw = SLO and w is the first pole of G,; (iii)
tw = LSO and w is the second pole of G,,. In this case w; = w, = w. (Case
2) One of the following two subcases is verified: (i) ¢, € {FS1,SF1,551,552};
(ii) tw = SLO and w is the second pole of G,,; (iii) ¢, = LSO and w is the first
pole of G,. In this case w; =  and w, = y.

Let u;,u,. be the left and the right external vertices of the first pole u of
G, and let v;, v, be the left and the right external vertices of the second pole
v of G,. Let P,, be an (undirected) path from u to v in G,. The undirected
path P, = (u;,u) U Py, U (v,v;) is called a left spine of G,. The path P, =
(ur,u) U Py U (v,v,) is called a right spine of G,. For example, the left spine
and the right spine of a pertinent digraph are highlighted in Figure B

The following lemma shows that the turn number of a spine of a pertinent
digraph of an upward representation is an invariant property of the upward
representation itself.

Lemma 3. Let P/, P! be two distinct right spines of G,, and let P/, P]' be two
distinct left spines of G,,. Then n(Up;) = n(Upy) and n(Up;) = n(Upy).
For example, in Figure[l G+ has only two left spines, that also concide with

the right spines. The turn number of these spines is —1. Based on Lemma [3] we
can denote by n;(Ug, ) the turn number of any left spine of G, in Ug, without

Fig. 5. An upward planar representation of a series-parallel digraph G, and an SPQR-
tree T' of G rooted at edge e. G, and G/ are the pertinent digraphs of nodes p and
u' of T, with poles u, v, u’, v, respectively. The pole categories of v and v are SS2 and
SS1, respectively. The ones of v’ and v’ are F'S1 and SLO, respectively. The left and
the right spines of G, constructed on the right path of G, are highlighted.
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ambiguity; similarly, n,(Ug, ) denotes the turn number of any right spine of G,,.
The upward spirality of G, within Ug (or simpler, the upward spirality of Ug,, ),

is denoted as 0(Ug, ) and is defined as follows: o(Ug, ) = w

For example, in Figure[ ¢(Ug,) = —1/2, and J(UG“,) = —1. Suppose now
that P, and P, are a left spine and a right spine of G, constructed using the same
path P, =< u,wi,ws,...,wg,v > between the poles u, v of G,. We can rewrite
the turn number of the spines as follows: n(Up,) = n(Up,, ) + @y, +ay,, n(Up,) =
n(Up,,) + au, + av,, where ay, = n(Up,,), au, = n(Up,, ), ay, = n(Up,),
ay, = n(Up,, ), and Py, =< uj,u, w1 >, Py, =< up,u,wy >, P,y =< wg,v,v; >,
P, =< wg,v,v, >. Of course, ay,, @y, , a4y, ay, € {—1,0,1}. From the invariant
property of Lemma [3] the upward spirality of Ug,, can be rewritten as follows:

(aw, + au,) + (av, + av,) 1)
2 2

In order to uniquely refer to the values a,,, @y, , @y, , Gy, for the upward spi-
rality of Ug, , we aim at rewriting 0(Ug,,) in a kind of canonical form, choosing
always a “special” path P,,. We define the following equivalence relationship
between any two paths P, P/, of G,, within a given upward representation
Ug of G. We say that P,,, Py, are turn equivalent if n(Up; ) = n(Upy, ), i.e, if
they have the same turn number. Since o(Ug, ) assumes the same value if we
use P! or P! in Formula (), and since ay,, @y, , Gy, @y, € {—1,0,1}, then the
turn-equivalence relationship partitions the set of the undirected paths of Ug,,,
from the first to the second pole, into a finite set of equivalence classes. The
following lemma gives a useful property of the paths of G.

o(Ug,) =n(Up,,) +

Lemma 4. Let P), be a path of G, that is turn-equivalent to the right path of
G, and let PL, be a path of G,, that is turn-equivalent to the left path of G,,. If
Py is any path of G, between u and v, then n(Up: ) > n(Up,,) > n(Up;, ).

In Formula ({I) we now choose as path P,, any path P/ that is turn-equivalent
to the right path of G,,, and we consider the corresponding values (@, + a., )/2
and (ay, + ay,)/2. Denote n(Up;, ) by a(Ug,, ), and denote (a., + aw,)/2, (au, +
au,)/2 by ay(Ug,) and o, (Ug,, ), respectively.

The upward spirality of Ug, can be rewritten in the following canonical form:
o(Ug,) = a(Ug,)+au(Ug,)+ay(Ug,). We call a(Ug,, ) the internal spirality of
Ug,,and ay(Ug, ), aw(Ug, ) the first-pole spirality and the second-pole spirality,
respectively. From Lemma [, each of the terms ay,, ay,., v, , Gy, in Formula ()
takes the maximum possible value when P,, = P,),. This also implies that,
for any choice of Pyy, (au, + au,)/2 < au(Ug,) and (ay, + a.,)/2 < ay(Ug,,).
Therefore, for each pole category, it is possible to determine the exact value of
the two pole spiralities, since we know that they take the maximum possible
value and since we know what are the two external vertices. The next results
prove that the upward spirality can only take a linear number of values.

Lemma 5. Let m be the minimum number of switches on any path between the
poles u andv of G,. Then, —n—2 < o(Ug, ) < 7+2. Also, ay(Ug, )+ (Ug,) €
{-1,-1/2,0,1/2,1,3/2,2}.
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Theorem 1. Let G be a digraph with n vertices, T an SPQR-tree of G, and
G,, the pertinent digraph of a node p of T. There are at most O(n) values for
the upward spirality of G,, within any upward planar representation of G.

The following lemmas describe the relationships between the upward spirali-
ties of series and parallel compositions, and the ones of their components.

Lemma 6. Let p be an S-node of T with children p1 and po. Let G, be the
pertinent digraph of p, with poles u and v, and let G,,,G,, be the pertinent
digraphs of p1, p2, with poles uy = u, vy, and ug = v1,ve = v, respectively. The
following relationship holds: 0(Ug,) = 0(Ug,,,) + o(Ug,, )-

Lemma 7. Let p be a P node of T with children ui, ..., pg, ordered from left
to right. Let G, be the pertinent digraph of p and let G, ,...,Gy, be the per-
tinent digraphs of ui, ..., uk, respectively. For each i = 1,...,k, the following
relationships hold: (1) a(Ug,) = a(UGM)—HS(i)(UGM), 6D (Ug,) € {0,1,2,3,4};
(2) Oz(UGM) > O‘(UGM,) > 2 a(UGuk) = OC(UGH)-

Consider now the subgraph G’ of G consisting of G, plus the edges incident on
u and v that are external to G, and let U/, be any upward planar representation
of G’ such that the planar embedding of the external edges of G, and the
angle labels between these edges in Uj, are the same as in Ug. Notice that,
the planar embedding of G, in U/, can be different from the one in Ug. Denote
by ti, = XYy Ay and t;, = XY A, the pole categories of u and v for Ug, . The
operation of substitution of Ug, with Ué;M in Ug defines a new planar embedded
digraph S(Uéﬂ, Ug) with angle labels S, F, and L such that: (i) The planar
embedding and the labels of the angles of subgraph G — G/, are the same as in
Ug; (ii) The planar embedding and the labels of the angles of subgraph G,, are
the same as in U’G“; (iii) The inter-labels of G, at v and at v are X, Y, X/ Y/,
respectively. We say that Ug, is substitutable with U&u in Ug if S(U’G“, Ug) is
still an upward planar representation of GG. The following theorem is the main
result of this section.

Theorem 2. If Uéu’ and Ug,, have the same upward spirality and the same pole
categories (i.e. ty, = tu, t, =ty), then Ug, is substitutable with U, in Ug.

4 Upward Planarity Testing of Series-Parallel Digraphs

The outline of our upward planarity testing and embedding algorithm for series-
parallel digraphs is as follows. For each possible choice of an edge e of G, the
algorithm computes the SPQR-tree T of G with reference edge e. Then, the
algorithm visits T from bottom to top, in post-order. Each time a node p of
T is visited, p is equipped with a set of upward planar representations of G,
(which we call feasible set of u), such that each upward planar representation
is constrained to have assigned pole categories and an assigned value of upward
spirality. Using the result of Theorem [2] for each possible combination of pole
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categories and upward spirality value, the algorithm stores only one constrained
upward planar representation, if there exists one. The feasible set of each S-node
and P-node of T is computed by considering the feasible sets of its children. In
this way, the algorithm incrementally tries to construct an upward planar rep-
resentation of G with edge e on the external face, from the leaves to the root,
while exploring a subset of upward planar representations that is “representa-
tive” of the whole set of upward planar representations of G. The algorithm ends
if the feasible set of a node is empty or if the feasible sets of all nodes have been
successfully computed. In the following we formalize the definition of feasible set
and then describe how the feasible sets of the different types of nodes can be
computed.

A feasible tuple of p is defined as follows: 7, =< Ug,,0(Ug,), tu,tv >,
where Ug,, is an upward planar representation of G, with pole categories ., t,
and upward spirality o(Ug,,). Let 7, =< Ug, ,0(Ug,).t,,t, > and 7] =<
Ug,,oU¢,) ty,ty > be two feasible tuples of p. We say that U and Ug,
are spirality equivalent if o(Ug, ) = o(Ug,), t, = 1}, and t;, = t;. In this case,
we also say that TL and TI;/ are spirality equivalent. A feasible set F,, of p is a
set of feasible tuples of u such that there is exactly one representative tuple for
each class of spirality equivalent feasible tuples of p. The next lemma guarantees
that our algorithm is able to find an upward planar representation of G with e
on the external face, if there exists one.

Lemma 8. Let G be an upward planar digraph with edge e on the external face,
and let T be the SPQR-tree of G with respect to e. There exists an upward planar
representation Ug of G such that: (i) e is on the external face of Ug; (i) for
each node p of T', there exists a feasible tuple 7, =< Ug,,0(Ug, ), tu,t, > in the
feasible set of u, where Ug, is the upward representation of G, induced by Ug.

All the @-nodes have the same feasible set, which can be computed with a pre-
processing step in O(1) time. Namely, if i is a @Q-node, both the internal spirality
and the internal-labeling weight of any upward planar representation Ug,, of G,
are equal to 0. We can only have three upward spirality values for Ug,: 0, 1,
and —1. More precisely, if (u,v) is the (undirected) edge represented by p, the
algorithm inserts in F,, a tuple for each of the following combinations of upward
spirality and pole categories: (1) o(Ug,, ) = 0, t, € {550,SF0, FS0, FF0,SLO},
t, € {850, SF0,FS0,FF0,LS0}.(2) o(Ug,) =0, t, = LSO and t, = SLO. (3)
o(Ug,) = 1, t, = LSO, t, € {§50,SF0,FS0,FF0,LS0}. (4) 0(Ug,) = —1,
t, € {S50,SF0, 'S0, FFO0,SL0}, t, = SLO. In all these tuples, Ug,, is the edge
(u,v) oriented upward.

Let o be an S-node of T', and let w and v be the first pole and the second pole of
G, respectively. Let j11, 12 be the two children of ii; denote by u1 = u, vy the first
pole and the second pole of G, ; also denote by us = v1, vo = v the first pole and
the second pole of G,,,. The feasible set of ;1 is computed using the relationship
of Lemma [l For each pair of tuples 1 =< Ug, ,0(Ug,, ), tu;ste; >€ Fpuy,
m =< Ug,,,0(Ug,, ) tus, tv, >€ Fp,, the algorithm checks if the inter-labels
of t,, and t,, are the same, and if the orientations of the edges incident on
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Uy = vp In UGH1 and UGM, are compatible. In the affirmative case, it constructs
a new tuple 7 =< Ug,,0(Ug, ), tu,t, >, which will be inserted in F,, only if
F,. does not already contain a spirality equivalent tuple; 7 is defined as follows:
o(Ug,) =0Ug,,) +o(Ug,,); tu = tu;, tv = tu,; Ug, is the series composition
of UG“1 and UGM on the common vertex us = wy. Since each feasible set has
O(n) tuples, the feasible set of an S-node can be computed in O(n?) time.

The computation of the feasible set of a P-node is a more complicated task,
since the skeleton of a P-node with k children has O(k!) possible planar em-
beddings, and we want to keep the computation polynomial in the number of
vertices of the graph. Let u be a P-node of T', with first pole v and second pole
v. Let pi1,. .., be the children of . We remark that each G, (i = 1,...,k)
has u; = v and v; = v as the first pole and the second pole, respectively. In order
to construct the feasible set of u, we evaluate the possibility of constructing an
upward planar representation Ug, for each possible way of fixing o(Ug, ), tu,
and ¢,. Namely, for each choice of o(Ug, ), tu, v, the algorithm must verify if it
is possible to select from the feasible sets of uq, ..., g, a subset of upward pla-
nar representations Ug,,, ,...,Ug,, that can assume a “parallel configuration”
compatible with o(Ug,, ), tu, t,. The conditions of Lemma[7 allow us to limit the
number of these configurations, so that it is not needed to consider all permuta-
tions of the children of p in the skel(p). Actually, it can be proved that the total
number of configurations is constant with respect to the number of vertices of
G. The set of possible configurations is defined on the basis of ¢, and t,; each
configuration consists of a sequence of groups, such that each group can host
a certain number of upward planar representations, all having the same pole
categories and the same internal spirality (which also implies the same upward
spirality). The groups in the sequence are ordered according to their values of
internal spirality. In this way, on the basis of o(Ug,) and for each configura-
tion above defined, the algorithm tries to select a set of upward representations
UG, s+ UG% from the feasible sets of puq, ..., ur and to assign each of them
to a group in the configuration. This assignment problem is solved by searching
a feasible flow in a suitable network constructed from the configuration. The
formal description of the configurations and the construction of the feasible set
using a sequence of flow-based algorithms can be found in [§]. The construction
of the feasible sets of all P-nodes can be done in O(n?) time.

Once all feasible sets have been computed for the nodes of T, the algorithm
performs a final step to verify if it is possible to construct an upward planar
representation from the feasible set of the root of T (which is a @-node) and the
one of its child. Namely, let © be the root and let v be its child. The following
lemma holds.

Lemma 9. G has an upward planar representation Ug if and only if there exist
two tuples 7, =< Ug,,0(Ug,,),tu, tv, >€ Fu, 7, =<Ug,,0(Ug, ), tu,,tv, >€
F, such that: (1) 0(Ug,) — o0(Ug,) = 2; (2) Yu, = Xu,, Yo, = X,,, where
tw = XuwYwrw and w € {uy, uy, vy, v}

According to Lemma [Q the algorithm looks for two tuples that verify the
conditions (1) and (2) in the statement. If these tuples are found, the final upward
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planar representation is returned, otherwise the upward planarity testing fails.
The next theorem summarizes the main result of this section. The final time
complexity of the testing algorithm follows from the above discussion, iterating
over all SPQR-trees of G (one for each choice of the reference edge).

Theorem 3. Let G be a biconnected series-parallel digraph with n vertices.
There exists an O(n*)-time algorithm that tests if G is upward planar and, if so,
that constructs an upward planar drawing of G.

5 An FPT Algorithm for General Digraphs

To extend the upward planarity testing algorithm above described to general
biconnected digraphs, we need to describe how to compute the feasible sets of
R-nodes. Unfortunately, to compute the feasible set of an R-node u, we cannot
rely on any relationship between the upward spirality of Ug, and the upward
spirality of its children. Therefore, we simply consider all possible combinations
of tuples for each virtual edge of skel(p) in constructing Ug,. Namely, let e;
be a virtual edge of skel(n) and let p; be the child of u corresponding to e;.
We substitute to e; the upward planar representation Ug,, of a tuple in the
feasible set of u;. We repeat this process for each virtual edge, until a “partial
candidate” upward planar representation U&u of G, is constructed. We then
apply on this partial representation the flow-based upward planarity testing
algorithm proposed by Bertolazzi et al. [1], where the assignment of the switches
to the faces is constrained for the part of the representation that is already fixed.
In order to construct the feasible set of u, we need to run the testing algorithm
over all possible combinations of upward spirality and pole categories of Ug,, .
For each given value of upward spirality ¢ and for each choice of pole categories
tu, ty, we enrich the partial upward representation UG with a suitable external
gadget, that forces Ug, to have upward spirality o and pole categories t,,, t,. This
gadget will have a ﬁxed upward planar representation, which is still translated
into a set of constraints on the flow network. See [§] for a detailed construction
of the external gadgets.

The feasible set of an R-node u, computed with the above procedure, requires
to consider all possible combinations of tuples in the feasible set of the children
of u, and, for each of these combinations, we need to consider all possible values
of upward spirality and pole categories. The procedure must be also applied to
the two possible planar embeddings of skel(u). Denote by ¢ the number of non-
trivial triconnected components of G and denote by d the maximum diameter of
a split component of G. The feasible set of an R-node of p can be then computed
in O(d' - n?) time, where n is the number of vertices of G, and t, < t is the
number of virtual edges (distinct from the reference edge) of p. Indeed, the
minimum number of switches in any path between the poles of G, is at most d,
and therefore, from Lemmal[5, the upward spirality of Ug, can take O(d) possible
values and the feasible set of any node of T has O(d) tuples. Also, O(n?) is the
complexity of the upward planarity testing of Bertolazzi et al. Hence, the feasible
set of all R-nodes can be computed in O(d - n?) time.
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Our FPT algorithm can be eventually extended to general planar digraphs,
using a recent result of Healy and Lynch [I0,[IT] about the upward planarity
testing of simply connected graphs (refer to [§]). The following theorem holds,
by observing that the feasible sets of P- and S-nodes of each SPQR-tree T' can
be computed in O(d - t?)-time and O(d?n)-time, respectively, and by iterating
over all decomposition trees of G.

Theorem 4. Let G be a connected planar digraph with n vertices. Suppose that
each block of G has at most t (non-trivial) triconnected components, and that
each split component of a block has a diameter at most d. There exists an O(d* -
n® +d-t? - n+d? - n?)-time algorithm that tests if G is upward planar and, if
so, that constructs an upward planar drawing of G.

Theorem 5. Let G be a connected planar digraph with n vertices and such that
each block is a series-parallel digraph. There exists an O(n*)-time algorithm that
tests if G is upward planar and, if so, that constructs an upward planar drawing

of G.
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Abstract. Consider a drawing of a graph G in the plane such that cross-
ing edges are coloured differently. The minimum number of colours, taken
over all drawings of G, is the classical graph parameter thickness 6(G).
By restricting the edges to be straight, we obtain the geometric thick-
ness g(G). By further restricting the vertices to be in convex position,
we obtain the book thickness bt(G). This paper studies the relationship
between these parameters and the treewidth of G. Let 0(7z) / 0(7)
/ bt(7) denote the maximum thickness / geometric thickness / book
thickness of a graph with treewidth at most k. We prove that:

— 0(T)) = 0(T:) = [k/2], and

— bt(7;) =k for k <2, and bt(7;) =k + 1 for k > 3.
The first result says that the lower bound for thickness can be matched
by an upper bound, even in the more restrictive geometric setting. The
second result disproves the conjecture of Ganley and Heath [Discrete
Appl. Math. 2001] that bt(7;) = k for all k. Analogous results are proved
for outerthickness, arboricity, and star-arboricity.

1 Introduction

Partitions of the edge set of a graph G into a small number of ‘nice’ subgraphs
is in the mainstream of graph theory. For example, in a proper edge colouring,
the subgraphs of the partition are matchings. When the subgraphs are required
to be planar (respectively, acyclic), then the minimum number of subgraphs in
a partition of G is the thickness (arboricity) of G. Thickness and arboricity
are classical graph parameters that have been studied since the early 1960’s.
The first results in this paper concern the relationship between treewidth and
parameters such as thickness and arboricity. Treewidth is a more modern graph
parameter which is particularly important in structural and algorithmic graph
theory. For each of thickness and arboricity (and other related parameters), we
prove tight bounds on the minimum number of subgraphs in a partition of a
graph with treewidth k. These introductory results are presented in Section 2
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The main results of the paper concern partitions of graphs with an additional
geometric property. Namely, that there is a drawing of the graph, and each
subgraph in the partition is drawn without crossings. This type of drawing has
applications in graph visualisation (where each plane subgraph is coloured by a
distinct colour), and in multilayer VLSI (where each plane subgraph corresponds
to a set of wires that can be routed without crossings in a single layer). When
there is no restriction on the edges, the minimum number of plane subgraphs,
taken over all drawings of G, is again the thickness of G. By restricting the edges
to be straight, we obtain the geometric thickness of G. By further restricting the
vertices to be in convex position, we obtain the book thickness of G. Our main
results precisely determine the maximum geometric thickness and maximum
book thickness of all graphs with treewidth k. We also determine the analogous
value for a number of other related parameters.

The paper is organised as follows. Section Bl formally introduces all of the
geometric parameters to be studied. Section [ states our main results. The proofs
of our two main theorems are presented in SectionsBland [6l The remaining proofs
are in the full version of the paper [6].

2 Abstract Graph Parameters

We consider graphs G that are simple, finite, and undirected. Let V(G) and E(Q)
denote the vertex and edge sets of G. For A, B C V(G), let G[A; B] denote the
bipartite subgraph of G with vertex set A U B and edge set {vw € E(G) : v €
A,w € B}. A graph parameter is a function f such that f(G) € N for all graphs
G. For a graph class G, let f(G) := max{f(G) : G € G}. If f(G) is unbounded,
then let f(G) := oo.

The thickness of a graph G, denoted by 6(G), is the minimum number of
planar subgraphs that partition E(G) (see [II]). A graph is outerplanar if it
has a plane drawing with all the vertices on the boundary of the outerface.
The outerthickness of a graph G, denoted by 6,(G), is the minimum number of
outerplanar subgraphs that partition F(G) (see [§]). The arboricity of a graph
G, denoted by a(G), is the minimum number of forests that partition E(G). [12]

proved that a(G) = max{[%] : H C G}. A star-forest is graph in which
every component is a star. The star-arboricity of a graph G, denoted by sa(G),
is the minimum number of star-forests that partition E(G) (see [I]). Thickness,
outerthickness, arboricity and star-arboricity are always within a constant factor
of each other (see [0]).

In the remainder of this section we determine the maximum value of each of
the above four parameters for graphs of treewidth k. A set of k pairwise ad-
jacent vertices in a graph G is a k-clique. For a vertex v of G, let Ng(v) =
{w € V(G) : vw € E(G)} and Ng[v] := Ng(v) U {v}. We say v is k-simplicial
if Ng(v) is a k-clique. A k-tree is a graph G such that either G is (isomor-
phic to) the complete graph K}, or G has a k-simplicial vertex v and G \ v
is a k-tree. The treewidth of a graph G is the minimum k& € N such that G
is a spanning subgraph of a k-tree. Let 7; denote the class of graphs with
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treewidth at most k. Many families of graphs have bounded treewidth. 77 is
the class of forests. Graphs in 75 are obviously planar—a 2-simplicial vertex
can always be drawn near the edge connecting its two neighbours. Graphs
in 75 are characterised as those with no K4-minor, and are sometimes called
series-parallel.

Theorem 1. 0(7;) = [k/2]

Proof. The upper bound immediately follows from a more general result by [4].
Now for the lower bound. The result is trivial if & < 2. Assume k& > 3. Let
¢ := [k/2] — 1. Let G be the k-tree obtained by adding 2¢* + 1 k-simplicial
vertices adjacent to each vertex of a k-clique. Suppose that 0(G) < £. In the
corresponding edge ¢-colouring of GG, consider the vector of colours on the edges
incident to each k-simplicial vertex. There are ¢* possible colour vectors. Thus
there are at least three k-simplicial vertices x,y, z with the same colour vector.
At least [k/l] > 3 of the k edges incident to = are monochromatic. Say these
edges are za,xb, xc. Since y and z have the same colour vector as z, the K33
subgraph induced by {za,xb, zc,ya, yb, yc, za, zb, zc} is monochromatic. Since
K3 3 is not planar, (G) > £ + 1 = [k/2]. Therefore 6(7) > [k/2]. |

The proofs of the following two results are similar to that of Theorem [ and
can be found in the full version of the paper [0].

Theorem 2. 0,(7;) =a(7;) =k

Theorem 3. sa(7;) =k +1

3 Geometric Parameters

For our purposes, a drawing of a graph represents the vertices by a set of points
in the plane in general position (no three collinear), and represents each edge
by a simple closed curve between its endpoints, such that the only vertices that
an edge intersects are its own endpoints. Two edges cross if they intersect at
some point other than a common endpoint. A graph drawing with no cross-
ings is plane. A plane drawing in which all the vertices are on the outerface is
outerplane.

The thickness of a graph drawing is the minimum k& € N such that the edges
of the drawing can be partitioned into k£ plane subgraphs; that is, each edge
is assigned one of k colours such that monochromatic edges do not cross. Any
planar graph can be drawn with its vertices at prespecified locations [9,[13]. Thus
a graph with thickness k& has a drawing with thickness k [9]. However, in such
a representation the edges may be highly curved. This motivates the notion of
geometric thickness.

A drawing of a graph is geometric if every edge is represented by a straight
line-segment. The geometric thickness of a graph G, denoted by 0(G), is the
minimum k € N such that there is a geometric drawing of G with thickness k.
[10] first defined geometric thickness under the name of real linear thickness,
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and it has also been called rectilinear thickness. By the Fary-Wagner theorem,
a graph has geometric thickness one if and only if it is planar.

We generalise the notion of geometric thickness as follows. The outerthickness
of a graph drawing is the minimum & € N such that the edges of the drawing can
be partitioned into k outerplane subgraphs. The arboricity and star-arboricity
of a graph drawing are defined similarly, where it is respectively required that
each subgraph be a plane forest or a plane star-forest. Again a graph with out-
erthickness /arboricity / star-arboricity k has a drawing with outerthickness /
arboricity / star-arboricity k [O[13]. The geometric outerthickness | geometric
arboricity | geometric star-arboricity of a graph G, denoted by 0,(G) / 3(G) /
sa(@), is the minimum & € N such that there is a geometric drawing of G with
outerthickness / arboricity / star-arboricity k.

A geometric drawing in which the vertices are in convex position is called
a book embedding. The book thickness of a graph G, denoted by bt(G), is the
minimum & € N such that there is book embedding of G with thickness k. Note
that whether two edges cross in a book embedding is simply determined by the
relative positions of their endpoints in the cyclic order of the vertices around
the convex hull. One can think of the vertices as being ordered on the spine of a
book and each plane subgraph being drawn without crossings on a single page.
Book embeddings are ubiquitous structures with a variety of applications; see [5]
for a survey with over 50 references. A graph has book thickness one if and only
if it is outerplanar [2]. A graph has a book thickness at most two if and only if it
is a subgraph of a Hamiltonian planar graph [2]. [I5] proved that planar graphs
have book thickness at most four.

The book arboricity | book star-arboricity of a graph G, denoted by ba(G) /
bsa(G), is the minimum &k € N such that there is a book embedding of G with
arboricity / star-arboricity k. There is no point in defining “book outerthickness”
since it would always equal book thickness.

4 Main Results

In this paper we determine the value of all of the geometric graph parameters
defined in Section Bl for 7. The following theorem, which is proved in Section [6]
is the most significant result in the paper. It says that the lower bound for the
(abstract) thickness of 7j, (Theorem[I]) can be matched by an upper bound, even
in the more restrictive setting of geometric thickness.

Theorem 4. 0(7;) = [k/2]

We have the following theorem for the geometric outerthickness and geomet-
ric arboricity of 7. It says that the lower bounds for the outerthickness and
arboricity of 7; can be matched by an upper bound on the corresponding geo-
metric parameter. By the lower bound in Theorem Pl to prove Theorem [ it
suffices to show that a(7;) < k; we do so in [6].
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Theorem 5. 0,(7;,) =a(T;) = k

We have the following theorem for the book thickness and book arboricity
of Tg.

k for k <2

Theorem 6. bt(7;) = ba(7;) = {kJr 1 fork>3

This theorem gives an example of an abstract parameter that is not matched
by its geometric counterpart. In particular, bt(7;) > 0,(7x) = k for k > 3.
Theorem [B] with £ = 1 was proved by [2]. That bt(73) < 2 was independently
proved by [14] and [3]. Note that bt(73) = 2 since there are series parallel graphs
that are not outerplanar, K> 3 being the primary example. We prove the stronger
result that ba(72) = 2 in [6]. [7] proved that every k-tree has a book embedding
with thickness at most k + 1. It is easily seen that each plane subgraph is in fact
a star-forest. Thus bt(7;) < ba(7;) < bsa(7y) < k + 1. We give an alternative
proof of this result in [6]. [7] proved a lower bound of bt(7;) > k, and conjectured
that bt(7;) = k. Thus Theorem [0l refutes this conjecture. The proof is given in
Section Bl where we construct a k-tree G with bt(G) > k.

Finally observe that the upper bound of [7] mentioned above and the lower
bound in Theorem [B] prove the following result for the star-arboricity of 7.

Theorem 7. sa(7y) =3a(7;) =bsa(7x) =k +1

5 Book Thickness: Proof of Theorem [6 (k > 3)

By the discussion in Section [ it suffices to show that for all k£ > 3, there is a
k-tree G with book thickness bt(G) > k. Define G by the following construction:

— Start with a k-clique V;.

— Add k(2k + 1) k-simplicial vertices adjacent to each vertex in Vi; call this
set of vertices V5.

— For each vertex v € V5, choose three distinct vertices x1, x2, x3 € V1, and for
each 1 < ¢ < 3, add four k-simplicial vertices adjacent to each vertex of the
clique (V1 U {v}) \ {z;}. Each set of four vertices is called an i-block of wv.
Let V3 be the set of vertices added in this step.

Clearly G is a k-tree. Assume for the sake of contradiction that G has a book
embedding with thickness k. Let { E1, Ea, ..., Ej } be the corresponding partition
of the edges. For each ordered pair of vertices v,w € V(G), let the arc-set Vi
be the list of vertices in clockwise order from v to w (not including v and w).
Say Vi = (y1,%2,-..,yk) in anticlockwise order. There are k(2k + 1) vertices in
Vo. Without loss of generality there are at least 2k + 1 vertices in Vo NV, . Let
(v1,v2,...,v2p41) be 2k + 1 vertices in Vo N Vg, in clockwise order.

Observe that the k edges {y;vx—it1 : 1 < ¢ < k} are pairwise crossing,
and thus receive distinct colours, as illustrated in Figure [[[a). Without loss of

generality, each y;v;_;11 € F;. As illustrated in Figure [i(b), this implies that
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y1V2k+1 € E1, since yrvop41 crosses all of {y;vg_i+1 @ 2 < i < k} which are
coloured {2,3,...,k}. As illustrated in Figure [[l(c), this in turn implies yavoy €
FE5, and so on. By an easy induction, we obtain that y;verio—; € E; for all
1 < i < k, as illustrated in Figure [[[(d). It follows that for all 1 < ¢ < k and
k—i+1<j<2k+2—i, the edge y,v; € E;, as illustrated in Figure [l(e).
Finally, as illustrated in [I{(f), we have:

If qy; € E(G) and ¢ €V, then qy; € E;. (%)

—
k—1Vk+37

w Y@
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Fig. 1. Example in the proof of Theorem [6] with k£ = 3

Consider any of the twelve vertices w € V3 that are added onto a clique
that contain vgyi. Then w is adjacent to viyi. Moreover, w is in Vvk/vﬁl or
v TTor,. as otherwise the edge wvgy1 crosses k edges of G[{vg—1,vk+1}; V1]
that are all coloured differently, which is a contradiction. By the pigeon-hole
principle, one of Vi 7— and Voo, contains at least two vertices from two
distinct p-blocks of vg11. Without loss of generality, V7, does. Let these four
vertices be (a, b, ¢,d) in clockwise order.

Each vertex in {b,c,d} is adjacent to k — 1 vertices of V4. Not all of b,¢,d
are adjacent to the same subset of k — 1 vertices in V;, as otherwise all of b, ¢, d
would belong to the same p-block. Hence each vertex in V; has a neighbour in
{b,¢,d}. By (%) the edges of G[{b, ¢, d}, V1] receive all k colours. However, every
edge in G[{b, c,d}; V1] crosses the edge av41, implying that there is no colour

available for avy41. This contradiction completes the proof.
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6 Geometric Thickness: Proof of Theorem [

The proofs of all of our upper bounds depend upon the following lemma.

Lemma 8. For every k-tree G, either:

(1) there is a (possibly empty) independent set S C V(G) of k-simplicial vertices
in G such that G\ S = K, or

(2) there is a nonempty independent set S C V(G) of k-simplicial vertices in G
and a vertez v € V(G) \ S, such that:
(a) G\ S is a k-tree,
(b) v is k-simplicial in G\ S,
(c) for every vertex w € S, there is exactly one vertex u € Ne\g(v) such

that Ng(w) = Ne\s[v] \ {u},

(d) every k-simplicial vertex of G that is not in S is not adjacent to v.

Proof. We proceed by induction on |V(G)|. If |V(G)| = k then G = K}, and prop-
erty (1) is satisfied with S = 0. If |V(G)| = k + 1 then G = K+ and property
(1) is satisfied with S = {v} for any vertex v. Now suppose that |V (G)| > k+2.
Let L be the set of k-simplicial vertices of G. Then L is a nonempty independent
set, and G \ L is a k-tree. Moreover, the neighbourhood of each vertex in L is
a k-clique. If G\ L = K, then property (1) is satisfied with S = L. Otherwise,
G\ L has a k-simplicial vertex v. Let S be the set of neighbours of v in L. We
claim that property (2) is satisfied. Now S # (), as otherwise v € L. Since G is
not a clique and each vertex in S is simplicial, G\ S is a k-tree. Consider a vertex
w € 5. Now Ng(w) is a k-clique and v € Ng(w). Thus Ng(w) C Ng\s[v]. Since
|INg(w)| = k and [Ng\s[v]| = k4 1, there is exactly one vertex u € N\ g(v) for
which Ng(w) = Ng\s[v] \ {u}. Part (d) is immediate. O

We now turn to the proof of Theorem @l The lower bound 6(7;) > [k/2]
follows from the stronger lower bound 6(7;) > [k/2] in Theorem[Il The theorem
is true for all 0-, 1- and 2-trees since they are planar. To prove the upper bound
0(Ty) < [k/2], it suffices to prove that 0(2k) < k for all k > 2. Let I := {4, —i :
1<i<k}

Consider a geometric drawing of a 2k-tree GG, in which the edges are coloured
with %k colours. Let v be a 2k-simplicial vertex of G, where (u1,us,...,uk,
U_1,U_9,...,u_g) are the neighbours of v in clockwise order around v. Let
F;(v) denote the closed infinite wedge centred at v (but not including v), which
is bounded by the ray vu; and the ray that is opposite to the ray vu_;. As
illustrated in Figure 2l(a), we say that v has the fan property if:

— F;(v) N F;(v) = 0 for all distinct i, j € I,
— there are exactly two edges of each colour incident to v, and
— the edges vu; and vu_; receive the same colour for all 1 <1 < k.

We proceed by induction on |V (G)| with the hypothesis: “every 2k-tree G has
a geometric drawing with thickness k; moreover, if |V (G)| > 2k + 2, then every
2k-simplicial vertex v of G has the fan property.” Let G be a 2k-tree. Apply
Lemma Rl to G.
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F,Q(U)\ ; F—3(”)

Fig. 2. Proof of Theorem [4t (a) the fan property, (b) the base case

First suppose that Lemma [§ gives a (possibly empty) independent set S C
V(G) of 2k-simplicial vertices in G such that G\ S = Kgi. Say V(G \ 5) =
{vo,v1,...,v95—1}. Position wvg,v1,...,v25—1 evenly spaced on a circle in the
plane, and in this order. The edges of G\ S can be k-coloured using the standard
book embedding of Ky, with thickness k, where each edge v,vs is coloured
|3 ((a+ B) mod 2k)|. Each colour class forms a plane zig-zag pattern. For each
vertex w € S and for all 0 < ¢ < k — 1, colour the edges wv; and wvg4; by i. As
illustrated in Figure2(b), position the vertices in S in a small enough region near
the centre of the circle so that monochromatic edges do not cross, each w € S
has the fan property, and V(G) is in general position. If |V (G)| > 2k+2, then no
vertex in {vg, v1,...,v2k—1} is 2k-simplicial in G. Therefore, each 2k-simplicial
vertex of G is in S, and thus has the fan property.

Now suppose that Lemma [§ gives a nonempty independent set S C V(G) of
2k-simplicial vertices in G and a vertex v € V(G)\ S, such that v is 2k-simplicial
in the k-tree G\ S. If [V(G)\ S| > 2k +2, then by induction, there is a geometric
drawing of G'\ S with thickness k, in which v has the fan property. Otherwise,
G\ S = K41 and thus the set S’ = {v} is an independent set of 2k-simplicial
vertices in G \ S such that (G \ S)\ S’ = Kai. Thus by the construction given
above, there is a geometric drawing of G \ S with thickness &, in which v has
the fan property.

Say Nens(v) = (u1,ug,..., Uk, u_1,u_2,...,u_g) in clockwise order about
v. Without loss of generality, the edges vu; and vu_; are coloured i, for all
1 < i < k. Choose a small enough disc D, centred at v such that:

(a) the only vertices in R. are Ne g[v],
(b) every edge of G\ S that intersects D, is incident to v (as illustrated in
Figure 3]), and
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Fig. 3. The ‘empty’ disc D.

(c¢) should a vertex whose neighbourhood is {u1,usg, ..., uk, u—1,u_9,...,u_k}
be placed in D., then it would have the fan property.

By Lemma [§ for every vertex w € S, there is exactly one i € I for which
Ng(w) = Nens[v] \ {ui}. Let S; := {w € S : Ng(w) = Ng\s[v] \ {ui}} for
all 4 € I. Two vertices in S; have the same neighbourhood in G. For all i € I,
choose one vertex x; € S; (if any). We will first draw z; for all ¢ € I. Once that
is completed, we will draw the remaining vertices in S.

As illustrated in[ for all ¢ € I, colour the edge x;v by |i], and colour the edge
ziuj by |j| for all j € I'\ {i}. Now in a drawing of G , for each i € I, Fi(x;) is
the closed infinite wedge bounded by the ray z;0 and the ray that is opposite to
ziu_,, and F _;(x;) is the closed infinite wedge bounded by the ray Z;u_, and the
ray that is opposite to z;0. Observe that in a drawing of G, if z; € F_;(v) for all
i €I, then v & Fy(x;) for all £ # i. Therefore, for i € I in some arbitrary order,
each vertex z; can initially be positioned on the line-segment vu—; N (D, \ {v}),
so that z; & (J{Fe(xj) : € € I\ {j}} for every j € I. This is possible by the
previous observation, since there is always a point close enough to v where z;
can be positioned, so that x; & (J{Fe(z;) : ¢ € I\ {j}} for all the vertices z;
that are drawn before x;. Observe that each vertex x; has the fan property in
the thus constructed illegal drawing.

Now we move each vertex x; just off the edge vu_; to obtain a legal drawing.
In particular, move each z; by a small enough distance ¢’ into F_;(v), so that
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U_2 U_3 U_2 U_3

U-1 Uy U-1 Uy

us U2 us U2

Fig. 4. Placing each x; on the edge vu_;; the circle D, is chosen small enough so that
the edges incident with u; are almost parallel
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F;(x;) does not contain the vertex z;, for all j € I\ {#, —i}. This implies that
for all distinct 4, j € I with ¢ # —j, we have that x; & Fy(z;) for all £ € I.

To prove that monochromatic edges do not cross, we distinguish four types
of edges coloured ¢, where 1 <i < k:

edges of G \ S coloured ¢,
. the edges x;v and x_;v,

edges xju; for some j € I'\ {i}, and

= W o=

edges xou_; for some ¢ € I\ {—i}.

First we prove that no type-(1) edge is involved in a monochromatic crossing.
No two type-(1) edges cross by induction. Since a type-(2) edge is contained in
D, by (b) in the choice of €, type-(1) and type-(2) edges do not cross. Suppose
that a type-(1) edges e crosses a type-(3) or type-(4) edge. By (a) in the choice
of €, e would also cross vu;. Since vu; is coloured ¢, by induction applied to G\ S,
e is not coloured 1.

The two type-(2) edges do not cross since they are both incident to v. Type-
(3) edges do not cross since they are all incident to u;. Type-(4) edges do not
cross since they are all incident to u_;.

Suppose that a type-(2) edge z;v crosses a type-(3) edge z;u; for some j €
I'\ {i}. By construction, z; € F_;(v) and x; € F_;(v). Therefore, if x;u; crosses
x;v, then z;u; also crosses the edge vu_;, which is a type-(1) edge of colour |].
Thus this type of crossing was ruled out when type-(1) edges were considered.
Now suppose that a type-(2) edge z_;v crosses a type-(3) edge z;u; for some
j € I'\{i}. Then z; € F_;(z_;), which contradicts the placement of z;. Thus
no type-(2) edge crosses a type-(3) edge. By symmetry, no type-(2) edge crosses
a type-(4) edge.

If a type-(3) edge x_;u; crosses a type-(4) edge zou_; (for some ¢ € I\ {—i}),
then z,u_; also crosses the edge vu;, which is a type-(1) edge coloured [i|. Thus
this type of crossing was ruled out when type-(1) edges were considered. By
symmetry, a type-(4) edge z;u_; does not cross a type-(3) edge xpu; (for all
¢ € I\ {i}). Finally, if a type-(3) edge z;u; (for some j € I\ {¢, —i}) crosses a
type-(4) edge z,u_; (for some ¢ € I\{—i,i}), then xy € F;(x;) and x; € F_;(x¢),
contradicting our placement of @, or ;. Thus type-(3) edges do not cross type-
(4) edges.

Each vertex z € S; \ {z;} can be drawn in a small enough region around x;,
and every edge zu; coloured with the same colour as z;u;, so that z has fan
property and monochromatic edges do not cross.

It remains to prove that each 2k-simplicial vertex of G has the fan property
whenever |V (G)| > 2k 4+ 2. By construction that is true for all 2k-simplicial
vertices of G that are in S. The remaining 2k-simplicial vertices of G are also
2k-simplicial in the 2k-tree G\ S. If |V(G) \ S| > 2k + 2, then by induction, the
invariant is also maintained for all 2k-simplicial vertices of G that are not in S.
If G\ S is Kopt1, then by Lemma B(d), there is no 2k-simplicial vertex of G in
G\ S. Thus the invariant is maintained.
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Abstract. The adoption of the stress-majorization method from multi-dimensio-
nal scaling into graph layout has provided an improved mathematical basis and
better convergence properties for so-called “force-directed placement” techniques.
In this paper we give an algorithm for augmenting such stress-majorization tech-
niques with orthogonal ordering constraints and we demonstrate several graph-
drawing applications where this class of constraints can be very useful.

Keywords: graph layout, constrained optimization, separation constraints.

1 Introduction

The family of graph drawing algorithms that attempt to find an embedding of a graph
that minimizes some continuous goal function, are variously known as spring-embedder
or force-directed placement algorithms. A popular algorithm in this family has been that
of Kamada and Kawai [9] in which squared differences between ideal distances for pairs
of nodes and their Euclidean distance in the embedding is minimized. Gansner et al. [[6]
recently revisited this method and suggested using functional majorization — an opti-
mization technique from the field of multidimensional scaling. Functional majorization
iteratively improves the drawing by considering a sequence of quadratic forms that bound
the stress function from above. They showed that it had distinct advantages over the orig-
inal algorithm of Kamada and Kawai; particularly, a strictly monotonic decrease in stress
and that it could achieve lower values of the cost function in the same running time.

A useful property of the majorization approach is that each iteration involves min-
imizing a convenient quadratic function. Gansner et al. [[6] mentioned that this allows
using any available equation solver. In this paper we take advantage of this property,
and show how it helps in handling ordering constraints on the nodes. The quadratic
nature of the function we minimize in each iteration allows us to efficiently add such
linear constraints. In fact, minimizing linearly constrained quadratic functions is known
as quadratic programming, which is an efficiently solvable problem [13]]. However, we
have found that general quadratic programming solvers will significantly slow down
the stress majorization process. Therefore, we suggest a solver which is crafted espe-
cially for our problem, utilizing its unique nature. This solver can deal with ordering
constraints without significantly increasing the running time of the layout process. We
also demonstrate the utility of imposing this class of constraints — which we call or-
thogonal ordering constraints — to applications such as network layout reflecting the
relative positions of an underlying set of coordinates and directed graph drawing.

P. Healy and N.S. Nikolov (Eds.): GD 2005, LNCS 3843, pp. 141-{I52] 2005.
(© Springer-Verlag Berlin Heidelberg 2005
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2 Background

We recently introduced the idea of using stress majorization coupled with standard
quadratic programming techniques for drawing directed graphs [5]. In the so-called
DIG-CoLA[! technique, nodes in the digraph were partitioned into layers based on
their hierarchical level and constraints were introduced in the vertical dimension to keep
these layers separated. Compared to standard hierarchical graph drawing methods the
D1G-CoLA algorithm was shown to produce layouts with a much better distribution
of edge lengths and for large, dense graphs it was able to find layouts with fewer edge
crossings. However, a commercial quadratic programming solver was used to minimize
the quadratic forms subject to constraints. This generic approach meant that layout for
graphs with hundreds or thousands of nodes could take some minutes to perform.

Another case where orthogonal ordering constraints are useful is when we want to
improve the readability of a given layout without significantly changing it. Misue et
al. [10] discussed the importance of preserving a user’s “mental map” when adjusting
graph layouts. One of their models for the mental map focused on preserving orthogonal
ordering of the nodes in a layout — the relative above/below, left/right positions of the
nodes.

The potential for constraint-based, force-directed graph layout was explored by Ryall
et al. [11], however their implementation did not use true constraint solving techniques.
Rather, they added stiff springs to a standard force-directed model to keep user-selected
parts of the diagram roughly spaced as desired. True constraint solving techniques for
graph drawing were explored by He and Marriott in [7], where a Kamada-Kawai-based
method was extended with an active-set constraint solving technique to provide separa-
tion constraints. However, only small examples of fewer than 20 nodes were tested and
the scalability of the technique was not tested.

3 Problem Formulation

The general goal function, known as the stress function, which we seek to minimize is
described by

> wii (11X = X| = diy)?

i<j
where for each pair of nodes i and j, d;; gives an ideal separation between ¢ and j
(usually their graph-theoretical distance), w;; = d;]? is used as a normalization constant
and X is an x d matrix of positions for all nodes, where d is the dimensionality of the
drawing and n is the number of nodes.

Majorization minimizes this stress function by iteratively minimizing quadratic
forms that approximate and bound it from above. Due to its central role in this work,
we provide the essential details of the method. Recall that w;; are the normalization
constants in the stress function. We use the n x n matrix A, defined by

—wiy 1 F]
A= J L 1
J {Zk;ﬁiwikl_] (1)

! Directed Graphs with Constraint-based Layout.
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In addition, given an n X d coordinate matrix Z, we define the n x n matrix AZ by

z _ [ —wijediy-inv(([Z; = Zg||) i £ §
Am‘ - { Zk;«éi Afk i=j" 2

where inv(z) = 1/x when = # 0 and 0 otherwise.
It can be shown (see [6]) that the stress function is bounded from above by the
quadratic form FZ(X) defined as

d
FAX) =Y wyd + ((X(“))T AX@ 2 (X(“)>T AZZ(“)> NG
a=1

i<j
Here, X (@) denotes the a-th column of matrix X. Thus, we have
stress(X) < FZ(X) (4)

with equality when Z = X.
We differentiate by X and find that the global minima of F'Z(X) are given by solving

AX = A%Z (5)

This leads to the following iterative optimization process. Given some layout X (),
we compute a layout X (¢ + 1) so that stress(X (¢t + 1)) < stress(X(¢)). We use
the function FX()(X) which satisfies FX(®) (X (t)) = stress(X (t)). Then, we take
X (t + 1) as the minimizer of FX(*)(X) by solving ().

Note that it would be equivalent to consider in each iteration d independent opti-
mization problems, one problem for each axis. Hence the a-th axis of the drawing is
determined by minimizing

2T Az — 22T A% Z(@) (6)

Henceforth, we will work, w.l.0.g., with this 1-D layout formulation as it allows a
more convenient notation.

So far we have described the usual, unconstrained stress majorization. In this work
we consider a case where we have additional ordering constraints on each axis. Each
node i is assigned a level of index 1 < lev[i] < m and variable placement must respect
this level. Thus, instead of minimizing (@), we would take the a-th axis of the drawing
as the solution of

min 2T Az — 22T AZ 7(@)

subject to: lev]i] < lev[j] = z; < x; (N
foralli,j € {1,...,n}

For brevity henceforth we will replace 24% Z(®) with b € R™, so the target func-
tion is merely f(z) = 27 Ax — 2Tb. We call this the Quadratic Programming with
Orthogonal Constraints (QPOC) problem.

It is easy to show that A is positive semi-definite, so the problem has only global
minima. Such a quadratic programming problem can be solved in a polynomial time
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[13]]. However, our experiments show that generic quadratic-programming solvers are
much slower than solving an unconstrained problem. To accelerate computation we can
utilize two special characteristics of the problem:

1. During the majorization process, we iteratively solve closely related quadratic pro-
grams: The constraints and the matrix A are not changed between iterations, while
only the vector b is changed. Therefore, the solution of the previous iteration is still
a feasible solution for current iteration (satisfying all constraints). Moreover, this
previous solution is probably very close to the new optimal solution (e.g., consider
that in most iterations the coordinates are only slightly changed). However, such
initialization, called “warm-start”, is fundamentally not trivial for the barrier (or
interior-point) methods used by most commercial solvers.

2. Our constraints are very simple as each of them involve only two variables, being of
the form z; < x;. This allows a simple mechanism for guaranteeing the feasibility
of the solution.

In the next section we describe an algorithm for solving the QPOC problem.

4 Algorithm

We give an iterative gradient-projection algorithm (see Bertsekas [[1]) for finding a so-
lution to a QPOC Problem. The algorithm, solve_QPOC, is shown in Figure [II The
first step is to decrease f(z) = 27 Az + 2Tb, by moving z in the direction of steep-
est descent, i.e. if the gradient is ¢ = Vf(x) = Ax + b this direction is —g. While
we are guaranteed that — with appropriate selection of step-size s — the energy is
decreased by this first step, the new positions may violate the ordering constraints.
We correct this by calling the project procedure which returns the closest po